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General superalgebras of vector type and C/,8)-superalgebras 

Ivan P. Shestakov 1 

Abstract: A general superalgebra of vector type is a su
peralgebra obtained by a certain double process from an as
sociative and commutative algebra A = with fixed derivation 
D and elements >., /1-, v. We prove that any such a superalge
bra is a superalgebra of (" 8) type. Conversely, any simple 
= finite dimensional non associative (" 8) super algebra with 
C/,8) f: (1 ,1) or (-1,0) is isomorphic to a certain general 
superalgebra of vector type. 

Let A be an associative and commutative algebra over a ring of scalars 4>, 
with fixed nonzero derivation D E Der (A), and elements >., /1-, v E A. Denote by 
A an isomorphic copy of a 4>-module A, with the isomorphism mapping a r-+ a. 
Consider the direct sum of 4>-modules B = 3DA + A and define multiplication on 
it by the rules 

a· b = 3D ab, 

a . fj = 3D a· b = 3D ab, 

a·fj =3D >'ab+/1-D(a)b+vaD(b), 

where a, b E A and ab is the product in A. Define a Z2-grading on B by setting 
Bo = 3DA, Bl = 3DA; then B becomes a superalgebra, which we will denote by 
B(A, D, >., /1-, v) and call = a general superalgebra of vector type. 

Various partial cases of this construction have been considered before: the 
superalgebras B(A, D, 0,1, -1) are just the Jordan superalgebras = of vector type 
[4,5, 7, 8]; the superalgebras B(A, D, >., 2, 1) in = case char 4> = 3D3 are alterna
tive [9]' and in case of = arbitrary characteristic are (-1,1) superalgebras [9, 10]. 

Conversely, it was proved in [9] that any simple nontrivial nonassociative alter
native super algebra of dimension more than six is = isomorphic to a superalgebra 
B(A, D,.x, 2, 1), with A being a D-simple algebra = of characteristic 3. Similarly, 
any simple nonassociative (-1,1) = superalgebra of positive characteristic p > 3 
is isomorphic to a superalgebra = B(A, D,.x, 2,1) [10]. In particular, any sim
ple finite dimensional nonassociative = (-1,1) superalgebra always has a positive 
characteristic and so is isomorphic = to B(A, D,.x, 2,1). 

In this paper we give a similar characterization for a general super algebra 
of vector type B(A, D,.x, /1-, v) with /1- f: ±v. We first show = that any such a 
superalgebra is a so called C/,8) superalgebra (see = below), and then we prove 
that, under certain conditions, a simple = nonassociative (,,8) superalgebra is 
isomorphic to B(A, D , .x, /1-, v). 

Let us start with the definitions. Throughout the paper, if otherwise is not 
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stating, the word = "(super)algebra" means a (super)algebra over an associative 
and commutative ring of = scalars <I> with 1/6 E <1>. 

An algebra A is called a (,,(,8) algebra if it satisfies the identities: 

(x,y,z)+,,((y,x,z)-8(z,x,y) =3D 0, 

(x,y, z) + (y, z,x) + (z, x, y) = 3D 0, 

where (x,y,z) = 3D(xy)z - x(yz) denotes the associator of elements = x,y,Z, 
and ,,(,8 are some elements from <1>, satisfying the equality "(2 - 82 + 8 - 1 = 3DO. 

These algebras were introduced in 1949 by A.Albert [1] in the study = of 2-
varieties of algebras, that is, the varieties' in which for any = ideal 1 its square 12 is 
again an ideal. Together with alternative algebras, = the varieties of (,,(,8) algebras 
for different ,,(,8 give all the = possible examples of homogeneous 2-varieties of 
algebras that contain strictly = the class of associative algebras. 

According to the general definition of a superalgebra in a given = homogeneous 
variety of algebras (see [11]), a superalgebra R = 3DRo+RI is a (,,(,8) superalgebra 
if and only if it satisfies the = (super)identities: 

(x,y,z)+ = (-l)p(x)p(y),,((y,x,z) - (-1)(p(x)+p(y»p(z)8(z,x,y) = 3D CX1) 

(x,y,z)+ = (_l)p(x)(p(y)+p(z»(y,z,x) + (-l)(p(x)+p(y»p(z)(z,x , y) = 3D CX2) 

where x, y, zERo URI and p(r) E {O, I} denotes a parity index of a homogeneous 
element r : p(r) = 3Di if r E= R i . 

In the sequel B = 3DA + M will denote a (,,(,8) superalgebra with = A = 
3DBo, M = 3DB1 • Note that A is a (,,(,8) subalgebra of B, and M is a (,,(,8) = 
bimodule over A. 

It was proved in [2] that any simple (,,(,8) algebra of characteristic i: 2,3, with 
(,,(,8) i: (1,1),(-1,0), is = associative. We will see now that this statement is not 
true any more in the case of = (,,(,8) superalgebras. 

Theorem 1 Any general superalgebra of vector type B(A, D, A, J.L, v) with J.L i: ±v 
is a = (,,(,8) superalgebra for "( = 3D -1':t~~2v2, 8 = 3D 2:J~.fl2. This superalge
bra is simple if and = only if the algebra A is D-simple; and if D(A)A2 i: 0, then 
B(A,D,A,J..l,V) is not associative. 

Proof. Since A is an associative bimodule over A, it suffices to = consider only 
the associators that contain at least two elements from A. = For any a, b, c E A 
we have 

(a, b, c) =3D J.LD(a)bc, (3) 

(ii, b, c) =3D (J.L - v)aD(b)c, (4) 

(ii, b, c) =3D -vabD(c), (5) 

(ii, b, c) =3D J.L = D(a)bc + (v - J.L)aD(b)c - lIabD(c). (6) 
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It follows easily from (3)-(6) that the identity (2) = holds in B(A, D, A, J.L, v). 
Furthermore, let 

_J.L2 + J.LV - v2 ,= 3D 2 2 ' J.L -v 

then the equality = ,2 - S2 + S - 1 = 3DO is straightforward, and we have by 
(3)- (6) 

(a , b, c) + ,(b, a, c) - S(c, a, b) = 3D J.LD(a)bc + ,(J.L - v)bD(a)c 

- S(J.L - v)cD(a)b 

3D(J.L + (r - S)(J.L - v»D(a)bc = 3DO, 

(a , b, c) + ,(b, a, c) - S(c, a, b) 3D(J.L - v)aD(b)c + 'J.LD(b)ac + SvcaD(b) 

3D (J.L - v + 'J.L + Sv)aD(b)c = 3DO, 
(a, b, c) - ,(b, a, c) + S(c, a, b) 3D - -vabD(c) + ,vbaD(c) + SJ.LD(c)ab 

3D (-v + ,v + SJ.L)abD(c) = 3DO, 

(a, b, c) - ,(b, a, c) + S(c, a, =.b) = 3D J.LD(a)bc + (v - J.L)~ - vabD(c) 

- '(J.LD(b)ac + (v - J.L)bD(a)c - vbaD(c» 

+ S = (J.LD(c)ab + (v - J.L)cD(a)b 

- vcaD(b» = 3DO. 

Therefore, (1) holds in B(A,D , A,J.L,V) too, and B(A, D,A,J.L,V) is a (r,S) = 
superalgebra. 

It is clear that for any D-ideal I of A the set I + I is an = ideal of B(A, D, A, J.L, v), 
so the D-simplicity of A is a necessary condition for the = simplicity of 
B(A, D , A, J.L, v). On the other hand, if A is D-simple, then the Jordan su
peralgebra of vector type B(A, D, 0, a, -a) is simple for any ° =I a E <I> (see 
[4, 8]). Therefore, the = supersymmetrized superalgebra B(A, D, A, J.L, v)+ ~ 
B(A, D, 0, J.L - v, v - J.L) is simple, which yields immediately the simplicity of 
B(A, D , A, J.L, v). 0 

Let now B = 3DA + M be a (r, S) super algebra with (r, S) =I (1,1),(-1,0). 
(Note that any (1,1) superalgebra is = antiisomorphic to a (-1,0) superalgebra.) 

LeIllIlla 1 If B is simple and not associative, then it satisfies the = superidentity 

((x , y),z) = 3DO, (7) 

where x,y,z are homogeneous and (x,y) = 3Dxy - (-l)p(x)p(y)yx. 

Proof. Since B is simple and not associative, it coincides with its = associator 
ideal D(B). Therefore, it suffices to prove that the associator ideal of any (r,J) 
superalgebra R satisfies (7). Let G = 3DGo + G 1 = be a Grassmann algebra, con
sider the Grassmann envelope = G(R) = 3DGoC!9 Ro +G1 C!9 R 1 of the superalgebra 
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R. The algebra G(R) is an = ordinary (')',6) algebra, with 'Y - 26 + 1 -::f. 0, so by [3] 
its = associator ideal D (G (R)) satisfies the identity [[x, y], z] = 3DO. From here, 
by standard arguments on Grassmann envelope, we conclude that D(R) satisfies 
(7). 0 

The following lemma shows that, in the presence of identity = (7), the study 
of (')',6) (super)algebras is reduced to (-1,1) = (super)algebras. This fact, in the 
algebra case, was observed by the author in the beginning of seventies (see [6, 
Proposition 4]); we used the = modification of this fact given in [3, lemma 6J. 

Lemma 2 Let B be a (')', 6) superalgebra that satisfies identity = (7). For any 
0: E <I> denote by B(o:) the superalgebra, obtained = from B by introducing the new 
multiplication 

X .0< Y = 3Do:xy + (1 - 0:)( -1)p(x)p(y)yx. 

Then, the superalgebra B' = 3DB(1 - 'Y - 6) is a (-1,1) superalgebra, and B = 
3D B' (fJ) for fJ = 3D l-rO . 
Proof. Consider the Grassmann envelope G(B), which is an ordinary (')',6) = 
algebra. It is easy to check that G(B)(o:) = 3DG(B(0:)) for any = 0: E <1> . 
Therefore, by [3, lemma 6], the algebra G(B') = 3DG(B)(1 - 'Y - 6) = is a (-1,1) 
algebra, which proves that B' is a (-1,1) superalgebra. Moreover, by = the same 
lemma we have the equality (G(B)(1 - 'Y - 6))(fJ) = 3DG(B) for fJ = 3D l-r", 
which proves that B' (fJ) = 3D B. 0 

We can give now the description of simple (')',6) superalgebras. 

Theorem 2 Let B = 3D A + M be a simple nonassociative ('Y, 6) superalgebra of 
characteristic -::f. 2,3, with (')',6) -::f. (1 ,1),(-1,0). Then (B,A,A) = 3D(A,B,A) = 
3D[A, B] = 3DO, and there exist Xl, ... , Xn E M = such that M = 3DAxl + ... + 
AXn and the product in M is defined by 

where Aij E A, Dij = 3DDji E Der A. In particular, if = n = 3Dl then B is 
isomorphic to a superalgebra B(A, D, A, -'Y + 6, -1 - 'Y + 6), where A is a (unital) 
commutative and associative D - simple algebra = with 0 -::f. D E Der A, A E A . 

Proof. Let 0: = 3D! - 'Y - 6, fJ = 3D 1-1+", then by lemmas 1 and 2 we = have 
that B' = 3DB(0:) is a (-1,1) superalgebra and B = 3DB'(fJ). It is = obvious that 
the two-sided ideals of Band B' are the same; hence B' is simple. Furthermore, 
since B is not associative, neither is B' . Therefore, = by [10], B' has the following 
properties: 

(i) A is a commutative and associative subalgebra of B', and B' = is an 
associative and commutative A-bimodule; 
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(ii) there exist Xl,··· ,Xn E M such that M = 3DAxl + ... + AXn and the 
product of odd elements in B' is = defined by 

aXi· bXj = 3DAij . ab + 2Dij(a)b + Dij(b)a, i,j = 3Dl, ... ,n, 

where Aij E A,Dij = 3DDji E DerA . 
It follows immediately that B also satisfies (i) and the first part of (ii). As for 

the product of the elements of M in B is concerned, it is given by 

aXi·bxj = 3D(2f3-1)Aij" = ab+(3f3-1)Dij(a)b+(3f3-2)Dij(b)a, i,j = 3Dl, ... ,n. 

The theorem now is obvious. 0 

Corollary 1 Let B = 3D A + M be a simple non associative (I', 6) superalgebra 
of characteristic i= 2,3, with h,6) i= (1,1),(-1,0). Assume = that one of the 
following conditions is satisfied: 

(i) B is of positive characteristic; 
(ii) B is finite dimensional; 
(iii) A is a polynomial algebra on a finite number of variables; 
(iv) A is a local algebra. 

Then B is isomorphic to B(A, D, A, -I' + 6, -1 - I' + 6) . 

The prooffollows easily from [10] in view of the fact that the = condition n = 3D 1 
in the theorem is satisfied by B if and only if it is = satisfied by the (-1,1) 
superalgebra B'. 0 

As in the case of (-1,1) super algebras [10], we could not find any example of a 
simple nonassociative h,6) superalgebra which would = not be isomorphic to a 
superalgebra of the type B(A, D, A, /-L, v). So it is still an open = question whether 
such superalgebras exist. Notice that in case a new simple = (1',6) superalgebra B 
exists, its attached superalgebra B+ would give a new example of a simple Jordan 
super algebra. 
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