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Sabinin Algebras: The Basis of a Nonassociative Lie Theory

José M. Pérez-Izquierdo®

Abstract: Certain famous concepts and results such as
Universal enveloping algebras, Poincaré-Birkhoff~Witt Theo-
rem and the Lie correspondence have been, up to some extend,
synonymous of Lie algebras. Other nonassociative algebras
seemed not to fit in that context. This paper presents some re-
cent results on what might be called “nonassociative Lie The-
ory”: the Lie correspondence between loops and Sabinin alge-
bras, the existence of nonassociative universal enveloping al-
gebras, the nonassociative Poincaré-Birkhoff~Witt Theorem,
the Milnor-Moore Theorem for nonassociative Hopf algebras
and the equational logic behind the new kind of nonassociative
identities that arise from these new nonassociative Hopf alge-
bras®. Connections in the spirit of Magnus with some central
series on loops recently introduced by J. Mostovoy are also
discussed.

1 Sabinin algebras and local loops

Unless explicitly stated, all over this paper we will assume that the field F' has
characteristic zero.

Definition 1 A nonempty set Q with three maps (a,b) — ab (multiplication),
(a,b) > a\b (left division) and (a,b) > a/b (right division) is called a loop if the
following identities hold:

a\(ab) = b = a(a\b), (ab)/b=a = (a/b)b and a\a = b/b.

In the sight of the other identities, the last identity is equivalent to imposing that
e = a\a is the identity or unit element for the product, that is, ea = a = ae.
Usually loops are presented in this way. In the case that we do not impose the
existence of a unit element then we obtain the definition of quasigroups [2, 15, 3].

Definition 2 An analytic manifold M is called a local analytic loop if analytic
maps (a,b) — ab,a\b,a/b are defined in a neighborhood of an element e € M and
the identities

a\(ab) = b = a(a\b), (ab)/b=a= (a/b)b, ea =a=ae

hold whenever the expressions are defined.

!Supported by MCYT (BFM 2001-3239-C03-02) and the Comunidad Auténoma de La Rioja
(ANGI 2001/26). The author was also partially supported by FINEP.
2The proof of some of these results is available in [13].
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One of the main tasks in loop theory was to find an infinitesimal object to
locally classify the analytic local loop. Since Lie groups are the first examples of
analytic local loops, namely, those for which (ab)c = a(bc) holds, then this object
should generalize the usual notion of Lie algebra.

The following identities are equivalent for a loop

a(b(ac)) = ((ab)a)e, ((ba)c)a = b(a(ca)) and (ab)(ca) = (a(bc))a-

A loop is called a Moufang loop if it satisfies any of them. In 1955 Malcev proved
that the tangent space on the identity of an analytic local Moufang loop inherits
a bilinear product [, ] with the following properties

[z,2] =0 and [J(z,y,2),2] = J(z,y, [z, 2]),

where J(z,y, 2) = [[z,y], 2] — [[z, 2], y] — [z, [y, 2]] denotes the jacobian of z,y and
z; that is, the tangent space on the identity becomes a Malcev algebra (Moufang-
Lie in the work of Malcev [7]). Later, in 1971, Kuz’'min proved the existence of
an analytic local Moufang loop for any finite-dimensional real Malcev algebra [6].
Therefore, the Lie correspondence holds for Moufang loops and Malcev algebras.
As a moral we learn that associativity is not essential for the Lie correspondence.

On the way to obtaining an infinitesimal object to locally classify the loop it
became clear that a single binary product on the tangent space of the identity
was not enough. A left Bol loop is a loop that satisfies the identity

a(b(ac)) = (a(ba))c.

The tangent space of an analytic local left Bol loop is a left Bol algebra, that is,
a vector space V equipped with a bilinear and a trilinear product, denoted by [, ]
and [, , ] respectively, which satisfy the following conditions:

1. (V,[,,]) is a Lie triple system; that is,
(2) [a,a,b] =0,
(b) [a,b,c] + [b,c,a] + [c,a,b] = 0 and
(©) [z,9.[a,b,c]] = [[z,y,a],b,c] + [a, [z, y, ], ] + [a, b, [z, y,]].
2. [,] is skewsymmetric and it is related with the trilinear operation by
la,b,[c, d]] = [[a, b, ], d] + [c, [a, b, d]] + [, d, [a,]]] + [[a, b], [c, d]].

Any Moufang loop is a left Bol loop. Correspondingly, any Malcev algebra is a
left Bol algebra by setting [a,b,c] = [[e,b],c] — 3J(a,b,c). Sabinin and Mikheev
[18] proved that the Lie correspondence holds for analytic local (left) Bol loops
and (left) Bol algebras. Again the moral is that the associativity is not essential
for the Lie correspondence.
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The general case is more subtle and many multilinear operations are needed to
locally classify the loop. Sabinin and Mikheev ([20]) proved that for any analytic
local loop the tangent space on the identity inherits two families of multilinear
operations

(mls"')mm;y!z} m Z 0 a‘nd <§(‘Ila'''':;l::!‘l'?y;'y-i)"'ly‘l"l) m 2 1}”’ Z 2

that make it a Sabinin algebra.
Before giving the formal definition of Sabinin algebras, let us present the fol-
lowing three results to illustrate the goodness of this structure.

Theorem 1 ([20]) Analytic local loops are locally isomorphic if and only if their
corresponding Sabinin algebras are isomorphic.

Theorem 2 ([20]) Any finite—dimensional Sabinin algebra over the real numbers
whose structure constants satisfy certain convergence conditions (see [20]) is the
Sabinin algebra of some analytic local loop.

Theorem 3 ([20]) Let (Q,-,\,/,e) be an analytic local loop and q the corre-
sponding Sabinin algebra. If R is a local subloop of Q then v = T. R is a Sabinin
subalgebra of q. Conversely, for any subalgebra v of q there exists a unique local
subloop R in Q such that T,(R) = t. The subloop R is normal if and only if ¢ is
an ideal of q.

The definition of Sabinin algebras implicitly used by Shestakov and Umirbaev
in [22] is formulated in terms of a comultiplication A:T'(V) — T(V) @ T'(V) on
the tensor algebra T'(V') of the vector space V. The map

a—ra®@l+1®a

from V to T(V) ® T(V') extends to a homomorphism of unital algebras, the co-
multiplication,

A:T(V) = T(V)eT(V)
x Z.’E(l)@.’t:(z)

where we have used Sweedler’s notation [23]. With this notation the definition of
Sabinin algebras is as follows:

Definition 3 A Sabinin algebra (V, (; , ), ®) is a vector space together with two
families of multilinear maps (; , ): T(V) @ V ® V -V  and
@(xla"')xm;yh"'vyﬂ) (mZ 1:“’22) satisfying

1. (z;a,b) = —(x; b,a),

2. (zaby;c,e) = (zbay;c,e) — 3 (za)(z(2);a,b)y;c,e),
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3. oape ((z€;0,b) + Y (2(1); (ZT(2);@,b),¢)) = O where ooy denotes the cyclic
summation with respect to a,b and ¢, and

4' Q(ml,---,zm;yl,---,yn) = Q{I‘h!"'1zfm‘;y61s"'!y5“) Vm Z 11 n Z 2 and
T € S, 0 € Sp, where Sy, stands for the symmetric group on k symbols,

for all z,y € T(V) and a,b,c,e € V.

To appreciate the importance of Sweedler’s notation compare the previous
definition with the original definition as formulated in [22]:

Definition 4 A Sabinin algebra (V,(;, ), ®) is a vector space together with two
families of multilinear operations ( =1, ... ,om ; a,b ), m = 0,1,... and

®(z1,. ., T Y1s---5Yn) (M > 1,n > 2) with the properties

1. (Ils:c?!"'sxm;y!z} = _(31:321---:xm;3,y):

2. <x1!x2!' . ‘:xrra!bazr+ls "'me;y!":)

—{Il,mg,...,xr,b,a,$,+1,...,zm;y,z)
r

+§ :E :(3011---1mam<$an+n---’xar;a:b)s---smm;yv2>=0’
k=0 o

3. Oz,y,2 ((Ilv-"szr’m;yiz>

.
+Zz<zn1n---1-7:&:.;(xaa+1:---:zap;y:z)az)) =0,

k=0 o
4- Q(Ih'“)zm;yls---!yﬂ) = é(zfp-"sxr,.,;yﬁm'“lyﬁ.,);

where a Tuns the set of all bijections a:{1,2,...,7} = {1,2,...,r} of the type
T oap, o < g < s < Qg0 < 00 < Oy, k=101 .77 20, Oz,y,z
denotes the cyclic sum by z,y,z; T € Syp, § € S, and S; stand for the symmetric
group on | symbols.

Example 1 Lie algebras are the simplest example of Sabinin algebras. Given
any Lie algebra (L, [, ]) the multilinear operations

0 n>1
(BpyewoyBmia, b) = and ® =0
—[a,b] n=0

provide a structure of Sabinin algebra on L.



Sabinin Algebras: The Basis of a Nonassociative Lie Theory 295

Example 2 Any left Bol algebra (V,[, ],[, , ]) becomes a Sabinin algebra with

(1;a,b) = [a,b],
(¢;a,b) = [a,b,c] —[[a,b],¢],
(ez;a,0) = =D (T)ic (T);a b)) if 2] > 1

and ® = 0, where |z| denotes the degree of z. We note that this formula differs
from the formula given in [13] since there right Bol algebras are considered instead.

2 Sabinin algebras and Lie algebras

Sabinin algebras and Lie algebras are very much connected. Given any Lie algebra
L, a subalgebra H and a vector subspace V' < L with L = H &V, one may induce
multilinear operations on V

GLrETV)RVRV 2V

by means of the following recurrence

{zab} + Z{x(l)(x(g}; a,b)} =0,

where {dy,...,dp} = wv([d1,[ - -, [dn=1,dr]]) with 7y the parallel projection onto
V, and {d;} = ny(d;). We have

Theorem 4 ([20]) (V,(;,)) is a Sabinin algebra, and any Sabinin algebra ap-
pears in this way.

The Lie algebra L in the previous construction is called a Lie envelope of (V, (; , )).

Example 3 Let L be a Lie algebra, H = 0, V = L and {di,...,d,} =
[dy,...,[dn-1,dn]]. By the recurrence, (1;a,b) = {(1;a,b)} = —{ab} = —|a,b].
If the degree |z| of z is > 1 then 0 = {zab} + > {z(1){z(2);a,b)} = {rad} +
@0} + 3, al @@;iab)}. Since {zab} + {x(l;a,)} = {cab} -
{z[a,b]} = 0 then (z;a,b) = 0 if |z] > 1 is the solution in this case. Hence we
obtain the usual structure of Sabinin algebra on L.

Example 4 Given any nonassociative unital algebra C consider the Lie algebra
L generated by the right multiplication operators by elements of C. Let H be
the subalgebra of L that kills the unit element. Then L = H @ {R; |z € C}, so
{Rz |z € C} inherits a structure of Sabinin algebra that moves to C'. In particular,
we obtain multilinear operations (in terms of the product on C) so that C' endowed
with these operations becomes a Sabinin algebra. This construction generalizes
the usual functor from associative algebras to Lie algebras.



296 José M. Pérez-Ilzquierdo

3 Sabinin algebras and nonassociative algebras

In [22] Sabinin algebras broke into a different context. In the important study
that Shestakov and Umirbaev carried out on primitive elements Prim(C) of a
nonassociative bialgebra C they defined some operations under which Prim(C') is
closed. As Shestakov and Umirbaev realized, a modification of those operations
make Prim(C') a Sabinin algebra.

The construction of Shestakov and Umirbaev works as follows. Let B a free
nonassociative algebraon XUY U{z} with X = {z1,22,...} and Y = {y1,92,...}.
There exists a homomorphism (the comultiplication) of unital algebras

A:B —- B®B
T ZI{])®$(2)

induced by XUY U{z} C Prim(B); that is, A(w) = w®1+1Qw Yw € XUY U{z}.
Fix v = ((z122) - *)2m and v = ((y1¥2)--*)yn € B and define nonassociative
polynomials®

A(T15 -, Tm3 Y1, -+, Yn3 2) = q(u, v, 2)

by the recurrence
(uv)z — u(vz) = Z U(L)Q(ﬂ(2)=ﬂ(2),z) “Y(1)

with initial conditions ¢(1,1,2) = ¢(1,v,2) = q(u,1,z) = 0. These polynomials
can be evaluated on any nonassociative algebra C' inducing multilinear operations
in the obvious way.

Theorem 5 ([22]) Let C be an algebra with unit 1 and A:C — C®pC be a non-
trivial homomorphism of algebras. Then the set Prim(C) of primitive elements
of C is closed under [, ] and q(; ;).

Another important results about primitive elements of nonassociative bialge-
bras are:

Theorem 6 ([22]) Let C be an algebra with unit 1 over a field of characteristic
zero, and A: C — C®@pC be a nontrivial homomorphism of algebras. Suppose that
the algebra C is generated by a set M of primitive elements, and let P(M) be the
minimal subspace of C' that contains M and is closed with respect to the primitive
operations [, ] and q(; ;). Letey,ez,...,€eq,... be a basis of P(M). Then the set
of right-normed words of the type

((el'le‘l'z) ne ')eib

where 1) < iz <-+- <'ix, k > 0 forms a basis of the algebra C.

3These polynomials are a minor modification of the polynomials introduced by Shestakov
and Umirbaev.
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Corollary 1 ([22]) Under the assumptions of the theorem, the set P(M) coin-
cides with Prim(C). In other words, any set of primitive elements which generates
C generates also the set Prim(C) by the operations [, ] and q(; ;).

Given any nonassociative algebra C, Shestakov and Umirbaev consider
(l;ﬂ; b) — ~—[G, b]!

{(Fisoosy Bami Py 2) = =@ 00 vy Buns 8 2Y F G By 55005 B8, ) wtid
‘I'(xla'”)mm;yla-”!yﬂ) = %# ZT,J q)(xns‘--’zrmEyén---:yﬁn):

where 7 and 6 run the symmetric groups S, and S, respectively. The vector space
C equipped with these new multilinear operations will be denoted by YIII(C).

Theorem 7 ([22]) For any nonassociative algebra C over a field of characteristic
zero, YII(C) = (C,(; , ), ®) is a Sabinin algebra.

Remark 1 This structure of Sabinin algebra is the same as the one obtained in
Example 4.

We have arrived to an interesting point:

A associative = A~ = (A, [, ]) is a Lie algebra
C nonassociative = YII(C) = (C,(; , ), ®) is a Sabinin algebra

and we know that any Lie algebra arises as a subalgebra of U~ for some associative
algebra U. So it is natural to ask the following question[22]:

Does any Sabinin algebra arise as a subalgebra of YII(U) for some
nonassociative algebra U ?

The answer is provided by the following result.

Theorem 8 (Poincaré-Birkhoff-Witt) Let (V,(;,),®) be a Sabinin algebra
over a field of characteristic zero. There exist a unital algebra U = U (V,{; , ), ®)
and a monomorphism '

vV — YII(U)

of Sabinin algebras such that (U,.) satisfies the following universal property:

For any unital algebra C' and any homomorphism of Sabinin algebras
@:V = YII(C) there exists a unique homomorphism of unital algebra
@:U — C such that ¢ = po .

Moreover, if {a;|i € A} is an ordered basis of V then
{((ai,aiy) - )ai, |1 < --- < ip and n > 0}

is a basis of U.
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Example 5 Let L be a Lie algebra over a field of characteristic zero and U'(L) its
usual universal enveloping algebra. The Lie map L — U’(L)~ is in fact a homo-
morphism L — G(U'(L)) of Sabinin algebras, so it extends to a homomorphism
U(L) — U'(L) that sends a basis of U(L) to the corresponding basis of U'(L);
therefore, U(L) is isomorphic to the usual universal enveloping algebra of L.

Finally, let us mention that U(V,(;, ), ®) is a nonassociative bialgebra and,
by the Friedrichs criterion,
Prim(U) = V.

Form this point of view Sabinin algebras over fields of characteristic zero are ex-
actly the primitive elements of nonassociative bialgebras. For instance, the free
Sabinin algebra on X is recovered as the primitive elements of the free nonasso-
ciative algebra on X. An interesting extension to free nonassociative algebras of
Witt dimension formula for the Lie elements in the free associative algebra has
been obtained in [1].

4 Sabinin algebras and nonassociative
Hopf algebras

An algebra A is called alternative if it satisfies the alternative laws
z(zy) =z°y and (yz)z = yz’.
Over fields of characteristic # 2 these identities are equivalent to

(Is Y, z) = *(y,x, z) - (y,z,a:),

where (z,y, z) = (zy)z — z(yz) stands for the associator.

In the same way that A~ is a Lie algebra for any associative algebra A, when
starting with an alternative algebra A, A~ is a Malcev algebra. However, it
remains an open problem whether any Malcev algebra appears as a subalgebra of
A~ for some alternative algebra A.

Since any Malcev algebra is a Sabinin algebra, in the sight of Theorem 8 a
natural question to ask is whether U(M) is alternative or not. Unfortunately the
answer turns out to be negative; thus, one is led to study the identities, if any,
satisfied by U(M).

Let us sketch a philosophical approach to this problem. To start with, consider
Q an affine algebraic Moufang loop, whatever it might mean. Let P(Q) be the
algebra of polynomial functions and P(Q)° its Hopf dual. In the case of affine
algebraic groups the tangent space is a Lie algebra and the universal enveloping
algebra lives inside P(Q)°. A comultiplication is induced on P(Q) by A(f) =
Y fa) ® fzy with f(ab) = 3 f1)(a)f2)(b). The product on P(Q)° is determined
by (ab)(f) = > a(fu))b(f2)), and a comultiplication by A(a) = 3 an) ® a)
with a(fg) = 3" aqy(f)a()(9)-
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Since a(b(ac)) = ((ab)a)c then for any function f € P(Q) we have that
fla®(ad)) = Y fay(a)fiz(bac)) =Y fuy(a)fzya) (b) fizy2) (ac)
= Y fofoen@iew®fe)ee©
= (Ziofoon @ fon @ fowe) @@be0)

and
f(((ab)a)e) = Zf{l)((ﬂb ) f2)(€) Zf(x)(l)(ab)f(l)(z)(ﬂ)f(z)(c)
= > fomn @ Ffayae ) faye) (@) fe(c)
= (Z fomwfue @ fowe @ f(z)) (@@b®0),
S0

> foyfo@a @ fom ® fome = D foonmfue ® fome @ fo)-

Since we are interested in the identities satisfied by P(Q)° then we take a,b,c €
P(Q)°, f € P(Q) and we observe that

(@®b89(} fmfa@w @ fon @ foee)
= Y alfmyfo@a)bfem)dfee)e)
= Y amfa)ee Foem)bfem)dfe e e)
= > au(fm)bfem)@eo)(fe) )
= Y au)(fa))blae)(fz)
= (X aw®laee)) ()

and
@@b®c)(Q_ fommine ® fmwe ® fz) = Q_((eqyb)aw)e)(f)-

Therefore, 3 a()(b(az)c)) = X_((aq)b)ay)c. When starting with the right Mo-
ufang identity ((ba)c)a = b(a(ca)) we obtain ) ((bagyy)c)ay = 3 b(ap)(ca(z)))
instead. Hence the expected identities of U (M) are

Y aa)(bla)c)) = 2-((ap)blacy))e
Y- ((bagry)e)az) = 3 blagy(ca(z)))
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While these considerations provide us with natural candidates for identities,
however one misses the alternative law because after all, the known examples of
Malcev algebras all arise from alternative algebras. To conclude our philosophical
approach, observe that in the classical case the tangent space of the algebraic
group lives inside the primitive elements of P(Q)° and that when a primitive
element a is plugged into the identities }_ aq)(y(a(2)2)) = 2 ((eq)y)a(z))z and
Y ((ya@y)z)a) = 3 ylan)y(za(z))) then we obtain that

{a,y,z) = _(y!a!z) = (y$z:a')1

thus recovering the spirit of the alternative laws.
Let us show now how these ideas have been developed.

Definition 5 Given any algebra A, the generalized alternative nucleus of A is
Nalt(A) - {ﬂ £ A I (G, y:z) = _(y: a, z) = (y: Z, &)}

Proposition 1 ([9]) For any algebra A, Nait(A) is closed under the commutator
product [, ]. Moreover, (Nai(A),[,]) is a Malcev algebra.

In the case of A being alternative then we recover the usual construction of
Malcev algebras from alternative algebras.

Theorem 9 ([14]) Given a Malcev algebra M over a field of characteristic #
2,3 there exist a unital algebra U(M) and a monomorphism of Malcev algebras
t: M < Na(U(M)) such that (U(M),¢) satisfies the following universal property:

For any unital algebra C and any homomorphism of Malcev algebras
@: M — Nai(C) there exists a unique homomorphism @:U(M) — C
of unital algebra such that ¢ = @po..

Theorem 10 Let (M,[,]) be a Malcev algebra over a field of characteristic #
2,3, and U(M) its universal enveloping algebra. Then U(M) is a bialgebra that
satisfies the identities 3 aq)(b(ag)c)) = Y((aqyb)ac))c and 3 ((bay))c)apy =
> blaq)(caz)))-

This universal enveloping algebra is isomorphic, over fields of characteristic
zero, to the universal enveloping algebra of M as a Sabinin algebra.

All these considerations move to left Bol loops and left Bol algebras. The
identity that the universal enveloping algebra of a left Bol algebra should satisfy

18
D awWlae?) =Y (aq)(vae))z

In case that a is chosen from the primitive elements then this identity becomes
(aa Y, z) = —(y, a, z]
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Definition 6 Given any algebra A, the left generalized alternative nucleus of A
is

LNait(A4) = {a € A|(a,y,2) = —(y,a,2) Vy,z € A}.
The left generalized alternative nucleus is closed under the triple product
[a, b, c] = a(be) — b(ac) — c(ab — ba)
and in fact (LNa(A),[, ,]) is a Lie triple system [12].

Proposition 2 ([12]) Let A be an algebra and V' a subspace of LN, (A) closed
under [, ,] and [, ]. Then (V,[,,],[,]) is a left Bol algebra.

Theorem 11 ([12]) Let (V,[,,],[,]) be a left Bol algebra, then there exist a
unital algebra U(V) and a linear injective map 1:V <~ LN (U(V)) a — a such
that

(([a,b]) =ab—ba and i([a,b,c]) = a(bc) — blac) — c(ab — ba)

and the following universal property holds:

For any unital algebra A and any linear map ':V — LN (A) a — o
with ¢'([a,b]) = a'd’ —b'a' and /([a,b,c]) = a'(b'¢’) — b (a'c’) — ' (@' —
b'a’) there exists a homomorphism of unital algebras :U(V) — A
satisfying ' = po.

Over fields of characteristic zero this universal enveloping algebra is isomorphic
to the universal enveloping algebra of V' as a Sabinin algebra.

At this point it is clear that a linearizing process for linearizing identities of
quasigroups on coassociative (i.e. (A®Id)oA = (Id® A)oA) and cocommutative
(i.e. A=70A with 7(z ® y) = y ® =) bialgebras has emerged. The way it works
is quite simple: In any side of the identity p =~ q of the quasigroup substitute any
repeated occurrence of a variable, let say a, by aq),a(s),--- In case that a occurs
only in one side, then multiply the other side by e(a), where € denotes the counit,
to keep the linearity of both sides of the linearized identity in that variable.

Example 6 The natural operations on a group are the multiplication and the
inverse map S:a — a~!. The identities satisfied by these two operations are:
(ab)e = a(be) (associativity), S(a)(ab) = b = a(S(a)b) (the left multiplication
operator is bijective) and (ba)S(a) = b = (bS(a))a (the right multiplication op-
erator is bijective). To linearize these identities on a bialgebra H we need to
assume that the bialgebra is endowed with an extra linear operation S: H — H.
Now the linearizing process gives: (ab)e = a(bc) (the bialgebra must be associa-
tive), 3° S(aq))(az)b) = e(a)b = 3 a(1)(S(a(z))b) and 3 (baq))S(acz)) = e(a)b =
2(bS(a(1)))a(z)- In the presence of the associativity the last four identities are
equivalent to saying that the bialgebra has unit element 1 and )~ S(a())a@z) =
e(a)l = > an)S(a(z)); that is, the linearization of the identities that define a
group originates the definition of Hopf algebras (S is called the antipode).
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This example motivates that a natural definition of the notion of nonassociative
(nonunital) Hopf algebras will come from the linearization of the identities defining
the structure of quasigroup.

Definition 7 An H-bialgebra (H,A,¢,-,\,/) is a bialgebra (H,A,¢,-) with two
eztra bilinear operations, the left and right division,

\:HxH — H [HxH — H
(z,y) = r\y (z,y) = z/y

such that

> s\ @Eew) =@y =Y 20y (@@)\v)

and

> W) /ze) =@y =Y (W/za)ae)-

Example 7 Given a loop @ and a field F', the loop algebra of Q is defined as
F[Q] = @,cq Fa with the multiplication, left division and right division induced
by those of @, and A and ¢ induced by A(a) = a®a and e(a) = 1 for any a € Q.
The loop algebra of any loop is an H-bialgebra and it is obvious that if () satisfies
some identity then F[Q] will satisfy its linearization.

Example 8 The universal enveloping algebras of Sabinin algebras are H-
bialgebras.

The linearizing process gives some insights in the study of identities on H—
bialgebras.

Theorem 12 Let X be a set of identities for quasigroups and p = q a consequence
of . If C is a cocommutative and coassociative H-bialgebra that satisfies the
linearization of the identities in X then C satisfies the linearization of p = q.

Example 9 In any quasigroup the Moufang identities are equivalent. Moreover,
it is a not obvious result in the theory of quasigroups that if a quasigroup satisfies
any of them then it is a loop [21, 5]. As a consequence, in any cocommutative
and coassociative H-bialgebra the linearizations of the Moufang identities are
equivalent, and any of them implies that there exists unit element.

The definition of H-bialgebra and the universal enveloping algebras of Sabinin
algebras allow us to formulate the nonassociative version of the well-known
Milnor-Moore Theorem [8].

Theorem 13 (Milnor-Moore) Let H be an H-bialgebra over a field of charac-
teristic zero. If H is generated by Prim(H) then

H = U(Prim(H)).
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5 Sabinin algebras and central series

Free groups were studied by Magnus by embedding them in formal power series
rings on noncommuting variables. Given a free group G on {z; |i € A} and the ring
Z[[z}] i € A]] of formal power series on {z}|i € A}, the map z; = 1+ z} induces
an embedding M: G — Z[[z;|i € A]] of G in the group of units of Z[[z;|i € A]],
so one may identify G with M(G). Through this embedding some interesting
questions about G become rather obvious. For instance, the lower central series
of a group G is defined as

G=n(G@) G E---

with Yn41(G) = [G,¥:(G)] and [a,b] = a~'b71ab. In the case that G is free then
1(G) € G N (1+ I™), where I denotes the ideal of all formal power series with
zero constant term, so it is evident that N2 ;v,(G) = 1. In fact, v,(G) is fully
recovered as 1, (G) =GN (1 +1™).

In general, for an arbitrary group G no such embedding is available. So, one
has to choose a candidate to play the role of the formal power series ring: the
group algebra. From F[G] and the augmentation ideal I the dimension subgroups
are defined by

Du(G)={a€Glacl+1I"}.

These subgroups provide another central series
G=Di(G) & Dy (G) & -~

As before, ¥,(G) C D,(G) although the equality in this case does not always
hold. The precise relationship between these subgroups is beautifully explained
in [4].
From the group algebra F[G] and the augmentation ideal I one defines another
cocommutative Hopf algebra
o0
6(G) =P 1/t
n=0
Since Ala—1)=(a—-1)®1+1®(a—1)+ (a—1) ® (a — 1) then a — 1 induces
a primitive element in G(G). Thus G(G) is generated by Prim(G(G)), and by the
Milnor-Moore Theorem it must be isomorphic to the universal enveloping algebra
of the Lie algebra Prim(G(G)).
The map

Dn(G)/Dpr(G) — I"/I™H!
aDp1(G) +— (a—1)+ 1™

defines a monomorphism of abelian groups

D(G) = P Dn(G)/Dn41(G) = G(G).

n=1
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Moreover, givena—1 € I"™ and b—1 € I™ then [a—1,b—1]4+I"*™+! = (a—1)(b—
1) =(b=1)(a—1) + "™+ = gh — ba + I"t™+! = pa(a~ 10" 1ab — 1) + I*t™HL,
Since ba € 1+ I then [a—1,b— 1]+ ™™+ = (a=1p~lab— 1) + I"t™+1, In other
words, through this monomorphism D(G) inherits the structure of a Lie ring with
operations

aDn.H (G) + bDn-}-l (G) = abD,.+1(G)
and
[aD541(G), D41 (G)] = a™'b7'abDpym+1(G),
and we have a monomorphism of Lie algebras
F ®zD(G) = G(G).
Over fields of characteristic zero the image of F ®z D(G) coincides with
Prim(G(G)).

Theorem 14 ([16]) Given any group G and a field F of characteristic zero then
G(G) = U(F @2 D(G))-

The Lie ring structure defined in D(G) was well known for group theorists. In
fact, the abelian group

L(G) = P 1(G)/1+1(G)

becomes a Lie ring with virtually the same operations. This construction allowed
the fruitful introduction of Lie methods in the theory of finite and infinite groups.

Given a loop @, by analogy we may consider the loop algebra F[Q], the aug-
mentation ideal I, the dimension subloops D,(Q) = Q N (1 + I?) and D(Q) =
@:j:l D, (Q)/Dﬂ+l (Q) The a'lgEbra

Q)= r/mm
n=0

inherits the structure of H-bialgebra, and since it is generated by the primitive
elements then by the Milnor-More Theorem it must be isomorphic to the universal
enveloping algebra of the Sabinin algebra Prim(G(Q)). As before,

Dn(Q)/Dpy1(Q) — I™/I™H
aDns1(G) + (a—1)+1I"

is a monomorphism of abelian groups that induces F' ®z D(Q) — G(Q), and the
image of F ®@z D(Q) coincides with Prim(G(Q)).

Theorem 15 ([11]) Given any loop Q and a field F' of characteristic zero then
G(Q) = U(F ®2D(Q))-
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Let us explain a little bit some details about the proof of this result since it
involves a new important ingredient introduced by J. Mostovoy: the linearizers.
To prove that the image of F'®z D(Q) coincides with Prim(G(Q)) first one defines
certain operations on () and prove that they induce multilinear operations on the
abelian group D(Q). Then one checks that in the image of F ®z D(Q) these
operations correspond to the operations defined by Shestakov and Umirbaev. At
this point the result follows from Corollary 1.

As we will see in a moment, the dimension subloops are closed under too many
operations. The main problem then is to discriminate which ones will serve. Given
a function f:Q x --- x Q@ — @Q the linearizer of f on the slot i is

fi('"5ai—'laaab1ai+2)"') o

F ooy BT B8« I o i D5 oY b oy By OB )
It is clear that if f is defined in terms of -,\ and /, and it satisfies the property
flay,...,ay) =1if a; = 1 for some i

then any linearizer of f also satisfies the same property. The linearization of f,
in the sense of Section 4, extends f to a multilinear operation f: F[Q] ® --- ®
F[Q) = F[Q] with f(ai,...,an) = €(a;)---€(an)l if a; € F for some i.
Since I'-I7, I'\I’, I'/I? C I'YJ, this property obviously implies that
f(Dn(Q),...,Dn, (@) € Dpygoosn, (Q) (recall that f extends f). Similarly
fi{Dm. (Q)s . ‘!Dﬂb+1 (Q)) Cc Dn1+'--+nr=+z (Q) This behavior of f and .fi with
respect to the dimension subloops and the very definition of f; imply that the
operation

f(a1Dpn,41(Q)s - - -, 8k Dy 41(Q)) = f(a1, -+, 8k) Dyt +1(Q)

is well defined and provides a multilinear operation

[:D(Q)®z---®z2D(Q) = D(Q).

The iterated linearizers fi..1,m+1,...m+1(@1,...,8m,b1,...,bn,c) of the associa-
tor f(a,b,c) = (a(be))\((ab)e) will correspond to the operations of Shestakov and
Umirbaev [11].

By analogy with groups, given a normal subloop N of a loop @ there exists
a unique smallest normal subloop [N, @] such that N/[N, @] lies in the center of
@/[N,Q]. The lower central series of @ is defined as

R=n@Q2mnQ)&---

with v,41(Q) = [v2(Q),Q] and generalizes the usual lower central series for
groups. It is natural to try to induce multilinear maps on F ®z £(Q), with
L(Q) = By (Q)/¥n+1(Q), so that it becomes a Sabinin algebra. However,
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contrary to what happens with the dimension subloops, even for the iterated lin-
earizers of the associator it may occur that

.f('Tm (Q)’ <oy Tng (Q)) g Try+-+ng (Q)

as shown in [10]. Therefore, it seems quite difficult to induce such an structure
on F' @z L£(Q). All these considerations have motivated the definition of the
commutator-associator series by J. Mostovoy as a substitute for the usual lower
central series [10].
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