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1. Introduction

In this survey I will present a very personal tour through symplectic
topology and geometry, describing the following three paths and the way
most of my work fits in them.

(i)

Gromov’s Compactness Theorem for pseudo-holomorphic curves in
symplectic manifolds ([23]) and the topology of symplectomorphism
groups of rational ruled surfaces (sections 2 and 3, references [1, 2]).
Atiyah-Guillemin-Sternberg’s Convexity Theorem for the moment
map of Hamiltonian torus actions ([9, 25]) and Kéhler geometry of
toric orbifolds in symplectic coordinates (sections 4 and 5, refer-
ences [3, 4, 5]).

Donaldson’s moment map framework for the action of the sym-
plectomorphism group on the space of compatible almost complex
structures ([17]) and the topology of the space of compatible inte-
grable complex structures of a rational ruled surface (sections 6 and
7, references [6, 7]).
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2. Pseudo-holomorphic Curves in Symplectic Manifolds

In this section we define compatible almost complex structures on sym-
plectic manifolds and discuss Gromov’s Compactness Theorem for their
pseudo-holomorphic curves. We will also present two special geometric
properties that pseudo-holomorphic curves have in dimension 4. For a
further understanding of pseudo-holomorphic curves and its applications
to symplectic topology see [29], where you can also find a detailed list of
references.

Almost complex manifolds. Recall that an almost complex manifold is
a pair (M, J), where M is a smooth manifold and J : TM — TM is an
endomorphism of its tangent bundle such that

J2 = —id,: T,M — T,M, ¥Vpe M.

The condition J? = —id implies that the dimension of any almost complex
manifold is even.

Any complex manifold is an almost complex manifold with an integrable
almost complex structure. In real dimension 2, any almost complex mani-
fold is a complex curve, i.e. a Riemann surface (X, 7).

Pseudo-holomorphic curves.

Definition 2.1. A parametrized pseudo-holomorphic curve is a map from
a Riemann surface to an almost complex manifold,

[ (35) = (M, J),

such that
df oj=Jodf. (1)

Its image C = f(X) is an unparametrized pseudo-holomorphic curve. We
might also write J-holomorphic curve, instead of pseudo-holomorphic curve.

Remark 2.2.

(i) The Cauchy-Riemann equation (1) gives rise to a quasi-linear first
order elliptic system of PDE’s with good analytical properties:
smooth solutions, removal of singularities, etc.

(ii) Any immersed real 2-dimensional surface C' & (M, J) with complex
tangent space, i.e. such that J(T'C) = TC, is an unparametrized
pseudo-holomorphic curve. For example, any complex curve in a
complex manifold.
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Compatible almost complex structures.

Definition 2.3. A compatible almost complex structure on a symplectic
manifold (M,w) is an almost complex structure J on M such that

(.7 ’>J = w(.7 J)
is a Riemannian metric on M. This is equivalent to w(J-,J-) = w(-,-) and
wX,JX)>0, VO#AX e€TM.
The space of all compatible almost complex structures on a symplectic
manifold (M,w) will be denoted by J(M,w).
Remark 2.4.
(i) J(M,w) is non-empty, infinite-dimensional and contractible, for
any symplectic manifold (M,w). In particular, any (M,w) has well
defined Chern classes ¢y = cp(M,w) € H?**(M, 7).
(ii) A Kéahler manifold is a symplectic manifold (M,w) with an inte-
grable compatible complex structure J.

Gromov’s Compactness Theorem. Let (M,w) be a symplectic mani-
fold and J € J(M,w) a compatible almost complex structure. We will now
illustrate how the compatibility condition provides enough apriori geomet-
ric control on pseudo-holomorphic curves for a satisfactory global theory
to hold.

Fix an homology class A € Hy(M,Z) and let f : (X,7) — (M, J) be a
closed pseudo-holomorphic curve whose image C' = f(X) C M represents
A, i.e. such that

[C] = [« ([X]) = [A] € Ho(M,Z).
Proposition 2.5. The area of C' with respect to {(-,-); = w(-,J-) is given
by
area(C) = / w=[w](A4),
C

and is minimal within the class of submanifolds of M representing the ho-
mology class A.

Proof. This result follows from the following linear algebra inequality,
known as Wirtinger’s inequality:
w(X,Y) = (JX,Y) < [JX[[[Y]| = | X[}
with equality iff Y is a multiple of JX. O
Hence, on a symplectic manifold with a compatible almost complex struc-
ture,
homology controls the area of pseudo-holomorphic curves.
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In 1985, Gromov [23] realized that this fact could be used to prove a com-
pactness theorem for pseudo-holomorphic curves. The following is a simple
version of that theorem, that is however enough for the applications we will
discuss in this lecture.

Theorem 2.6. [Gromov| Let (M,w) be a compact symplectic manifold and
fn 2 (8,5) = (M, Jn)
a sequence of pseudo-holomorphic curves representing a fixed homology

class 0 # A € Hyo(M,Z). Assume that ¥ is closed, J, € J(M,w) and
there exists a Joo € J(M,w) such that J,, — Js smoothly. Then,

(i) either there exists a subsequence of f, that smoothly converges to a
pseudo-holomorphic curve

foo: (2,4) = (M, J)

also representing the homology class A (if X contains spherical com-
ponents, the non-compact reparametrization group SL(2,C) needs
to be taken into account here);

(ii) or there exists a Joo-holomorphic spherical “bubble”, i.e. the class
A can be written as

A=B+ A € Hy(M,7),

where 0 # B € Hy(M,Z) can be represented by a Ju-holomorphic
sphere (the “bubble”) and 0 # A" € Ho(M,Z) can be represented by
a Joo-holomorphic curve.

The positivity in the compatibility condition between J and w implies
that a necessary condition for a homology class A € Ha(M,Z) to be repre-
sented by a J-holomorphic curve is

w](4) > 0.
This simple fact implies the following corollary to Theorem 2.6.

Corollary 2.7. If the homology class A € Ho(M,Z) cannot be written as
A= A1+ Ay, where [W](A4;) >0, i = 1,2, and either Ay or As is a spherical
class, then (i) in Theorem 2.6 holds and no “bubbles” can occur.

Properties of pseudo-holomorphic curves in dimension 4. It turns
out that in dimension four homology controls important geometric proper-
ties of pseudo-holomorphic curves. These will be used later on.

Theorem 2.8. [Positivity of Intersections] Two distinct closed

J-holomorphic curves C' and C' in an almost complex 4-manifold (M, J)
have only a finite number of intersection points. FEach such point x €
C N C' contributes a number k, > 1 to the algebraic intersection number

Sao Paulo J.Math.Sci. 2, 1 (2008), 175-202



Personal tour through symplectic topology and geometry 179

[C]-[C"] € Z. Moreover, k, =1 if and only if the curves C' and C" intersect
transversally at x.

Remark 2.9.

(i) This Theorem implies that two J-holomorphic curves always inter-
sect positively. This is not true for intersections of symplectic sub-
manifolds. For example, one can easily find two symplectic planes
in (R*, ws) with a negative transversal intersection at the origin.

(ii) This Theorem also implies that if C' and C' are distinct
J-holomorphic curves then

[C]-[C"=0= C and C’" are disjoint.

Let f:(3,5) — (M*,J) be a pseudo-holomorphic curve, g = genus of ¥
and C' = f(X) C M. Assume that f is somewhere injective, i.e.

there exists z € ¥ such that df(z) # 0 and f~'(f(2)) = {z}.

This condition avoids the trivial constant pseudo-holomorphic curve and
multiple coverings of a fixed pseudo-holomorphic map.

Definition 2.10. The virtual genus of C' is defined to be the number
1
9(C) =1+ 5 ([C]- [C] —er([C]))
where c; € H2(M,Z) is the first Chern class of the complex vector bundle
(T'M,J) over M.

Theorem 2.11. [Adjunction Formula] The virtual genus g(C) is an inte-
ger. Moreover,

9(C) =2 g
with equality iff C' is embedded.

3. The Symplectomorphism Groups of S? x S?

In this section we show how pseudo-holomorphic curves can be used to
study the topology of the symplectomorphism groups of S? x S2. There is
an analogous story for the nontrivial S2-bundle over S? (see [2] and [7]).

Pseudo-holomorphic spheres in S? x S?. Consider the symplectic man-
ifold (S? x S?,w = o x o), where o denotes the standard area form on S?
with |, 20 =1. Let A and B denote the homology classes

A=[5*x{p}| and B=[{p}xS? in Hy(S*>xS*1Z).

Sao Paulo J.Math.Sci. 2, 1 (2008), 175-202
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Proposition 3.1. For any compatible almost complex structure J € J(S? x
S? w) and any point p € S? x S?, there exist a J-holomorphic sphere repre-
senting the homology class A and a J-holomorphic sphere representing the
homology class B, both passing through the point p.

Proof. The subset of J(S? x S?,w) formed by compatible almost complex
structures for which the statement of the proposition is true is:

(i) non-empty, since it contains the standard split complex structure
Jo = Jjo X Jjo;
(ii) open, because the pseudo-holomorphic equation (1) is elliptic;
(iii) closed, by Gromov’s compactness Theorem 2.6 and Corollary 2.7.

0

If we consider on S? x S? the split symplectic form
wy=Aoxo with 1<AeR,

the homology class A no longer satisfies the conditions of Corollary 2.7
(although the smaller class B still does). In fact, A can be written as

A=(A—-B)+ B, with [w\](A—B)=XA—1>0and [w,](B)=1>0.
Moreover, the anti-diagonal
5:{(p,—p) :pGSz} c §% x §?

is an embedded symplectic sphere representing the homology class (A — B)
and one can construct compatible almost complex structures .J € J (52 x
S? wy) that make it J-holomorphic. Hence, there are compatible almost
complex structures J € J(S? x S2,wy) for which the homology class (A —
B) is represented by a J-holomorphic sphere. Note that by positivity of
intersections, Theorem 2.8, and since

(A—B)-A=A-A-B-A=0-1=-1<0,

whenever there is a J-holomorphic sphere representing the class (A — B)
there is no J-holomorphic sphere representing the class A. This means
that Proposition 3.1 does not hold as stated for the symplectic manifold
(82 x 8%, wy = Ao x0), 1 <XeR, and the homology class A (although it
does hold for the smaller class B).

As we will see, this change in the structure of pseudo-holomorphic
spheres, that arises from a variation of the symplectic form, is related to a
change in the topology of the corresponding symplectomorphism groups.
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Gromov’s Theorem. Let G denote the subgroup of the symplectomor-
phism group Diff(S? x S2,w = ¢ x ¢) that consists of symplectomorphisms
that act as the identity in Hy(S? x S?,Z). Note that the full symplecto-
morphism group Diff(S? x S?,w) is a simple Zo-extension of G.

Theorem 3.2. (Gromov [23]) G is homotopy equivalent to its subgroup of
standard isometries of S? x S2, i.e.

G ~ SO(3) x SO(3).

Proof. To simplify notation, denote by J the contractible space of com-
patible almost complex structures J (5% x S%,w). G acts on J by con-
jugation, with isotropy at Jy = jo X jo given by SO(3) x SO(3). This
action is clearly nontransitive since, for example, one cannot send an inte-
grable compatible almost complex structure to a non-integrable one. Hence,

G/SO(3) x SO(3) # J.
However, this natural action of G on J gives us a map
B:G/SO(3) x SO3) — J
[(10] = (10*(']0)7

which is still an homotopy equivalence. To prove that, one uses pseudo-
holomorphic spheres to construct an homotopy inverse

a:J — G/SO(3) x SO(3)
J = [p]
in the following way.
It follows from Proposition 3.1 that, for any J € J, there exist two
foliations fj‘ and ]—"f? of S? x S? whose leaves are J-holomorphic spheres

representing the homology classes A = [S? x {p}] and B = [{p} x S?]. Note
that

(i) the positivity of intersections Theorem 2.8 implies that any two
spheres in the same foliation are disjoint, since A-A=0= B - B;
(ii) positivity of intersections also implies that each sphere in .7-"“,4 in-
tersects each sphere in F f,B at exactly one point and in a transverse
way, since A- B = 1;
(iii) the adjunction formula of Theorem 2.11 implies that all spheres in
both foliations are embedded, since in this case

1
virtual genus =1+ 5(0 —2)=0= genus of 5%

(iv) the leaves of .7-"“2) and ffo are exactly the spheres S? x {p} and
{p} x S?, with p € S2.
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Hence, given any J € J we can construct a diffeomorphism
Wy S%x 5% - 82 x §?
that maps the Jy-foliations to the corresponding .J-foliations. One checks

that, for a diffeomorphism ; with this property, the symplectic form w; =
Y% (w) is linearly isotopic to w, i.e.

wr=twy+ (1 —t)w, t €[0,1], is an isotopy of symplectic forms.

Moser’s method can then be used to deform v ; to a symplectomorphism
vy € G.

With appropriate care, this whole construction can be made canonical
modulo SO(3) x SO(3) and the map o : J — G/SO(3) x SO(3) obtained
this way can be checked to be indeed an homotopy inverse to the map

. O

Topology of G). As was already explained, the structure of pseudo-
holomorphic spheres on (S? x S§2,wy = Ao x o) changes as A € R increases
from A = 1 to any value A > 1. In fact, this structure changes every time
A increases past a positive integer value. These changes and the way they
relate to the symplectomorphism groups

Gy = Diff(§% x §%,w = Ao x 0)

can be summarized in the following way (see [1], [2] and [28] for further
details).

Given 1 < A € R, let J) denote the contractible space of all almost
complex structures on S? x S? compatible with wy and ¢ € N be the unique
positive integer such that ¢ < A < £+ 1. Then, there is a stratification J
of the form

Ihn=UuUpU---1Uy, (2)
where:
(i)
U.={JeTr: (A—kB) e Hy(S*x 5% 7),
is represented by a J-holomorphic sphere}.
Note that [wy](A —kB) >0 k < /.
(ii) Up is open and dense in Jy. For k > 1, Uy has codimension 4k — 2
in Jy.
(iii) Uy =UUUg U--- LU,
(iv) Each stratum Uy has an integrable element J;, € Uy (such that

(8% x S2,J;,) = (2k)-Hirzebruch surface, see section 7), for which
the Kéhler isometry group

K, = Tsom(S?% x 82, (-, Yax = wal, o)

)
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is such that
K, = {510(3) x SO(3), %f k=0;
St x S0(3), if k> 1.
(v) The inclusion
(Gr/Ky) — Ui

[p] — ©u(Jk)
is a weak homotopy equivalence.
Although we do not know apriori the topology of the strata Uy, the fact
that each is homotopy equivalent to a quotient of GG, and that their union

is the contractible space J) can be used to obtain important information
regarding the topology of G, in particular its rational cohomology ring.

Theorem 3.3. [2] When A > 1,
H*(G; Q) = Ala, z,y) ® S(wy) ,
where A(a,z,y) denotes the exterior algebra over Q on generators a, x and

y of degrees deg(a) = 1, deg(z) = deg(y) = 3, and S(wy) denotes the
polynomial algebra over Q on the generator wy of degree 4¢.

4. Hamiltonian Torus Actions

In this section we define Hamiltonian torus actions on symplectic mani-
folds and present the Atiyah-Guillemin-Sternberg’s Convexity Theorem for
their moment maps. We also briefly discuss symplectic toric orbifolds and
their classification due to Delzant and Lerman-Tolman.

Definition and basic examples. Let (M,w) be a symplectic manifold
equipped with a symplectic action of

T = R™/27Z™ =R/27Z x --- x R/27Z = S* x --- x S,
i.e. with a homomorphism T™ — Diff(M,w). Let X1,...,X,, € X(M) be

the vector fields generating the action of each individual S'-factor. Then,
since the action is symplectic, we have that

ﬁka = 0<:>Xdew+d(Xka) =0 @d(Xka) =0, i.e.
X e X(M,w), Yke{l,...,m} .

Definition 4.1. A symplectic T™-action on a symplectic manifold (M, w)
is said to be Hamiltonian if for every k € {1,...,m} there exists a function
hi : M — R such that Xpow = dhy, i.e. X = X, € Xg(M,w) is the
Hamiltonian vector field of hy. In this case, the map p: M — R™ defined

b
’ w(p) = (hi(p), ..., hm(p)), Vpe M,
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1s called a moment map for the action.

Remark 4.2. Suppose p: M — R™ is a moment map for a Hamiltonian
T™-action on (M,w). Then u+ ¢, for any given constant ¢ € R™, is also
a moment map for that same action.

Remark 4.3. The orbits of a Hamiltonian T™-action on a symplectic man-
ifold (M,w) are always isotropic, i.e.

w|orbit =0.

Example 4.4. The standard T"-action on (R?" wg) is Hamiltonian with
moment map  : R?" — R" given by
1

M(xlv"'axn7y17"'>yn) = _5( %+y%,,$%+yi)

Example 4.5. Consider the 2-sphere

5% = {(z,y,2) € R3 : 2?4974 2% = 1} CR?
with symplectic or area form 47o induced by the standard euclidean inner
product in R3. The height function h : S? — R, given by h(z,y,2) =
z, generates through its Hamiltonian vector field X}, the rotations of S?

around its vertical axis. Hence, this is an example of a Hamiltonian S'-
action on (52, 470) with moment map p = h.

In the last 25 years an incredible amount of research has been devoted
to the study of moment maps and their beautiful geometric properties. We
will now present two of these.

Atiyah-Guillemin-Sternberg’s Convexity Theorem. Atiyah [9] and
Guillemin-Sternberg [25] proved in 1982 the following Convexity Theorem.

Theorem 4.6. Let (M,w) be a compact, connected, symplectic manifold,
equipped with a Hamiltonian T™-action with moment map p : M — R™.
Then

(i) the level sets p='()\) of the moment map are connected (for any
AEeR™);

(ii) the image p(M) C R™ of the moment map is the convezx hull of the
1mages of the fized points of the action.

The image pu(M) C R™ of the moment map is called the moment poly-
tope.

Example 4.7. In Example 4.5, the fixed points of the S'-action are the
poles S = (0,0, —1) and N = (0,0, 1) of the 2-sphere S? C R3. The images
of these fixed points under the moment map are p(S) = —1 and p(N) = 1,
while the moment polytope is p(S?) = [~1,1] C R.
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Symplectic toric manifolds. The following proposition motivates the
definition of a symplectic toric manifold.

Proposition 4.8. If a symplectic manifold (M,w) has an effective Hamil-
tonian T™-action, then m < (dim M) /2.

Proof.
Effective action = there exist m-dimensional orbits.
Hamiltonian T™-action = orbits are isotropic (see Remark 4.3).
Linear Algebra = dim(isotropic orbit) < %dimM .
O
Definition 4.9. A symplectic toric manifold is a connected symplectic

manifold (M,w) of dimension 2n equipped with an effective Hamiltonian
T"-action.

Example 4.10. (52 470), with the S'-action decribed in Example 4.5, is
the simplest compact symplectic toric manifold.

Example 4.11. (R?" wy), with its standard Hamiltonian T"-action (Ex-
ample 4.4), is a non-compact symplectic toric manifold.

Example 4.12. The T"-action on (CP", wpg) given in homogeneous coor-
dinates by

(01,5 0n) - [205 215+ -5 20] = {Zo;ewlzl; e ;ewnzn]
is Hamiltonian, with moment map g : CP" — R"” given by
1
(203215 - 20]) = T (=l l2all?)
where [|z> = ||z0]|® + ||z1]|*> + - -+ + ||za]|>. Hence, (CP",wpg) equipped

with this T"-action is a compact symplectic toric manifold. Note that its
moment polytope is a simplex in R".

It follows from Theorem 4.6 that any compact symplectic toric manifold
has an associated convex polytope, the moment polytope of the torus ac-
tion. In 1988 Delzant [16] characterized the convex polytopes that arise as
moment map images of compact symplectic toric manifolds, and showed
that any such convex polytope determines a unique compact symplectic
toric manifold. More precisely, if two compact symplectic toric manifolds
have the same moment polytope, then there exists an equivariant sym-
plectomorphism between them. Delzant’s result can be summarized in the
following theorem.

Theorem 4.13. [Delzant] The moment polytope is a complete invariant of
a compact symplectic toric manifold.
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Symplectic toric orbifolds. In [27] Lerman and Tolman generalize The-
orems 4.6 and 4.13 to orbifolds. While the convexity theorem generalizes
word for word, one needs more information than just the convex polytope
P to generalize Delzant’s classification theorem.

Definition 4.14. A convex polytope P in (R™)* is called simple and ra-
tional if:

(1) there are n edges meeting at each vertex p;
(2) the edges meeting at the vertex p are rational, i.e. each edge is of
the form p + tv;, 0 <t < oo, where v; € (Z")*;
(3) the vy,...,v, in (2) can be chosen to be a Q-basis of the lattice
(zm)r.
A facet is a face of P of codimension one. Following Lerman-Tolman,

we will say that a labeled polytope is a rational simple convex polytope
P C (R™)*, plus a positive integer (label) attached to each of its facets.

Two labeled polytopes are isomorphic if one can be mapped to the other
by a translation, and the corresponding facets have the same integer labels.

Remark 4.15. In Delzant’s classification theorem for compact symplectic
toric manifolds, there are no labels (or equivalently, all labels are equal to
1) and the polytopes that arise are slightly more restrictive: the “Q” in (3)
is replaced by “Z”.

Theorem 4.16 (Lerman-Tolman). Let (M,w) be a compact symplectic
toric orbifold, with moment map p : M — (R")*. Then P = u(M) is
a rational simple convex polytope. For every facet F of P, there exists a
positive integer mp, the label of F', such that the orbifold structure group
of every p € u~Y(F) is Z/mpZ (here F is the relative interior of F).

Two compact symplectic toric orbifolds are equivariant symplectomorphic
(with respect to a fized torus acting on both) if and only if their associated
labeled polytopes are isomorphic. Moreover, every labeled polytope arises
from some compact symplectic toric orbifold.

5. Kahler geometry of toric orbifolds in symplectic coordi-
nates

The space of Kéhler metrics on a Ké&hler manifold (or orbifold) can be
described in two equivalent ways, reflecting the fact that a Kdhler manifold
is both a complex and a symplectic manifold.

From the complex point of view, one starts with a fixed complex manifold
(M, Jy) and Kahler class Q € H}Ol N H?(M,R), and considers the space
S(Jo, Q) of all symplectic forms w on M that are compatible with Jy and
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represent the class 2. Any such form w € S(Jy, ) gives rise to a Kahler
metric (-, ) = w(-, Jo-).

The symplectic point of view arises naturally from the observation that
any two forms wp,w; € S(Jy,2) define equivalent symplectic structures
on M. In fact, the family w; = wo + t(w1 — wp), for t € [0,1], is an
isotopy of symplectic forms in the same cohomology class €2, and so Moser’s
theorem [30] gives a family of diffeomorphisms ¢, : M — M, t € [0,1],
such that ¢} (w;) = wo. In particular, the Kdhler manifold (M, Jy,w;) is
Kihler isomorphic to (M, Jy,wp), where J; = (¢1); o Jo o (1)«

This means that one can also describe the space of Kahler metrics start-
ing with a fixed symplectic manifold (M,wp) and considering the space
J (wo, [Jo]) of all complex structures J on M that are compatible with wg
and belong to some diffeomorphism class [Jp], determined by a particular
compatible complex structure Jy. Any such J € J(wo, [Jo]) gives rise to a
Kéhler metric (-, ) = wo(-, J+).

Apriori, the symplectic point of view does not seem to be very effective
for solving specific problems in Kéhler geometry, the reason being that the
space J(wo, [Jo]) is non-linear and difficult to parametrize. The complex
point of view fairs much better in this regard, since the space S(Jy, ()
can be identified with an open convex subset of the linear space of smooth
functions on M. Indeed, the d9-lemma asserts that given wy € S(Jy, )
any other w € §(Jy, ) can be written as

w = wp + 2i00f , for some f € C°(M). (3)

Moreover, the set of functions f € C°°(M) for which the form w defined
by (3) is in S(Jp,?) is open and convex.

There are however particular situations in which the space J(wo, [Jo])
admits a parametrization similar to the one just described for S(Jy, 2), and
the symplectic point of view can then be used very effectively. Following
Guillemin [24] and [3, 4, 5] we will now describe how that is indeed the case
for Kéahler toric orbifolds.

Symplectic Potential. Let (M,w) be a symplectic toric orbifold of di-
mension 2n, equipped with an effective Hamiltonian action 7 : T" —
Diff (M,w) of the standard (real) n-torus T" = R"/27xZ", i.e. (M,w,T)
is a symplectic toric orbifold. Denote by p: M — (R™)* the moment map
of such an action. Theorem 4.16 then says that P = u(M) C (R™)* is a
convex rational simple polytope that, together with a positive integer label
attached to each of its facets, completely determines the symplectic toric
orbifold.
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The proof gives an explicit construction of a canonical model for each
symplectic toric orbifold, i.e. it associates to each labeled polytope P an ex-
plicit symplectic toric orbifold (Mp,wp, 7p) with moment map pup : Mp —
P. Moreover, it follows from the construction that Mp has a canonical
T"-invariant complex structure Jp compatible with wp. In other words,
associated to each labeled polytope P C (R™)* one has a canonical Kéhler
toric orbifold (Mp,wp, Jp, 7p) with moment map up : Mp — P.

The symplectic description of compatible toric complex structures and
Kéhler metrics is based on the following set-up (see [4] for details). Let
P denote the interior of P, and consider Mp C Mp defined by Mp =
,ul_gl(p). One can easily check that Mp is a smooth open dense subset
of Mp, consisting of all the points where the T"-action is free. It can be
described as

Mp=PxT" = {(x,a) cxePc (R, fe R"/%Z”} ,
where (x,60) are symplectic (or action-angle) coordinates for wp, i.e.
wp=dxNd) = du;Ndb; .
j=1

If J is any wp-compatible toric complex structure on Mp, the symplectic

(z,0)-coordinates on Mp can be chosen so that the matrix that represents
J in these coordinates has the form

0o : -G
............... (4)
G 0
where G = G(z) = [gjk(x)]?’,?:l is a symmetric and positive-definite real

matrix. The integrability condition for the complex structure J is equiva-
lent to G being the Hessian of a smooth function g € C*°(P), i.e.

_ P
N axjaxk

G = Hess,(9), gjk(x) (), 1<jk<n. (5)

Holomorphic coordinates for J are given in this case by

2(z,0) = u(x,0) + w(z,0) = %(w) +16 .

We will call g the symplectic potential of the compatible toric complex
structure J. Note that the Kéhler metric (-,-) = wp(-,J-) is given in these
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(x,0)-coordinates by the matrix

...... B (6)

In particular, the induced metric on any slice of the form Px {point} C M P
is given by the matrix G.

Every convex rational simple polytope P C (R™)* can be described by a
set of inequalities of the form

<$7M7‘>2p7‘7 7":1,...,61,

where d is the number of facets of P, each p, is a primitive element of the
lattice Z™ C R™ (the inward-pointing normal to the r-th facet of P), and
each p, is a real number. The labels m, € N attached to the facets can
be incorporated in the description of P by considering the affine functions
4, : (R™)* — R defined by

l(x) = (xz,mpp,) — N\ where A, = m,p, and r=1,....d.
Then z belongs to the r-th facet of P iff £,(z) = 0, and z € P iff £,(z) > 0

forallr=1,...,d.

The following two theorems are proved in [5]. The first is a straightfor-
ward generalization to toric orbifolds of a result of Guillemin [24].

Theorem 5.1. Let (Mp,wp,7p) be the symplectic toric orbifold associ-
ated to a labeled polytope P C (R™)*. Then, in suitable symplectic (z,0)-

coordinates on Mp = P x T", the canonical compatible toric complex struc-
ture Jp is of the form (4)-(5) for a potential gp € C*°(P) given by

Ze )log £, () .

The second theorem provides the symplectic version of (3) in this toric
orbifold context, generalizing an analogous result for toric manifolds proved
in [4].

Theorem 5.2. Let J be any compatible toric complex structure on the
symplectic toric orbifold (Mp,wp,Tp). Then, in suitable symplectic (x,0)-
coordmates on Mp = P x T", J is given by (4)-(5) for a potential g €
C°°(P) of the form

g(z) = gp(r) + h(z),
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where gp is given by Theorem 5.1, h is smooth on the whole P, and the
matricx G = Hess(g) is positive definite on P and has determinant of the

form
d -1
Det(G) = (51‘[@) :
r=1

with § being a smooth and strictly positive function on the whole P.

C’onversely, any such potential g determines by (4)-(5) a complex struc-

ture on Mp = P x T, that compactifies to a well-defined compatible toric
complex structure J on the symplectic toric orbifold (Mp,wp,Tp).

Note that there is no imposed condition of J being in the same diffeo-
morphism class as Jp. The reason is that, by Theorem 9.4 in [27], any
compatible toric J on (Mp,wp, Tp) is equivariantly biholomorphic to Jp.

Scalar Curvature. In [12] and [13], Calabi introduced the notion of ex-
tremal Kéhler metrics. These are defined, for a fixed closed complex
manifold (M, .Jy), as critical points of the square of the L?-norm of the
scalar curvature, considered as a functional on the space of all symplectic
Kihler forms w in a fixed Kéhler class Q € H2(M,R). The extremal Euler-
Lagrange equation is equivalent to the gradient of the scalar curvature
being an holomorphic vector field (see [12]), and so these metrics gener-
alize constant scalar curvature Kéahler metrics. Moreover, Calabi showed
in [13] that extremal Kéhler metrics are always invariant under a maximal
compact subgroup of the group of holomorphic transformations of (M, Jy).
Hence, on a complex toric manifold or orbifold, extremal Kahler metrics
are automatically toric Kéhler metrics, and one should be able to write
them down using the previous symplectic framework.

Before doing that for a specific class of explicit examples, we now recall
from [3] some relevant differential-geometric formulas in symplectic (x, 6)-
coordinates. A Kéhler metric of the form (6) has scalar curvature S given

by
0log Det(G

which after some algebralc mampulatlons becomes the more compact

82gjk
S=- % axjaxk ’ (8)

1The normalization for the value of the scalar curvature we are using here is the same
as in [10]. It differs from the one used in [3, 4] by a factor of 1/2.
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where the ¢/F, 1 < j,k < n, are the entries of the inverse of the matrix
G = Hess;(g), g = symplectic potential (see Remark 6.1 for more on this
expression for the scalar curvature). The Euler-Lagrange equation defining
an extremal Kéahler metric can be shown to be equivalent to

—— = constant, j=1,...,n, (9)

al‘j

i.e. the metric is extremal if and only if its scalar curvature S is an affine
function of x.

Remark 5.3. The general nonlinear, fourth order, partial differential equa-
tion for a convex function u on an open set Q in R™, given by

a2u]k
Z 8x]8xk ’

where A is some given functzon is studied by Donaldson in [20, 21, 22].

Extremal Metrics on Weighted Projective Spaces. In [11] R. Bryant
studies and classifies Bochner-Kahler metrics, i.e. Kahler metrics with van-
ishing Bochner curvature. He shows in particular that these metrics always
have a very high degree of symmetry, the least symmetric ones being of
toric type. It turns out that the models for these least symmetric Bochner-
Kéhler metrics, given by Theorem 9 in [I1], have a very simple explicit
description in the above symplectic framework. For us, their most relevant
geometric property is that of being extremal and, following [5], we will
describe them only as such.

Let Pg denote the labeled simplex in (R™)* defined by the affine functions

gr(x):mT(1+‘TT)7T:17"'7n7 gn-i—l( ) mn+1( w Z‘ij
(10)
where m = (my,...,m,1) € N*!is a vector of positive integer labels.

The associated symplectic toric orbifold will be called a labeled projec-
tive space and denoted by (SPp,, wm, Tm) ( the “S” is supposed to empha-
size its Symplectic nature).

Theorem 5.4. For any vector of labels m € Nl the potential g €
C*(P}) defined by

n+1
(Ze )log £r(x) — () logezm)) :
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where the £,’s are given by (10) and
n+1

SEEDINACHE
r=1

gives rise to an extremal compatible toric complex structure on
(SPL,, wm,Tm)- In other words, the metric defined by (6) is an extremal
Kahler metric.

There is a close relation between labeled projective spaces SPy, and the
more common weighted projective spaces CP} (see [5]). These are defined
for a given vector of positive integer weights a = (a1, ...,apy1) € N1 as

CPy = (C"*\ {0}) /C*,
where the action of C* = C\ {0} on C"! is given by

(21, 2ng1) o (B9 2, . 192 ), € CF
The relation between SP},, and CP},, implies the following corollary to The-
orem 5.4 (see also Theorem 11 in [11]).

Corollary 5.5. Every weighted projective space CPy has an extremal
Kdhler metric.

6. Moment Map Geometry

In this section, following [17], we recall a general moment map framework
and how it applies to the action of a symplectomorphism group on the
corresponding space of compatible almost-complex structures.

General Framework. Let G be a Lie group, G its Lie algebra, (-,-) an
inner product on G invariant under the adjoint action, G* the dual Lie

algebra naturally identified with G via (-,-), and G® a complexification of
G.

Let (X,J,Q) be a Kéhler manifold equipped with an action of G by
Kéhler isometries, i.e. a homomorphism

p: G —Iso(X,J,Q) =Hol(X,J)NSymp(X,Q) .
Suppose this action satisfies the following two conditions:

(i) the holomorphic action of G on (X,.J) extends to a holomorphic
action of G® on (X, J);

(ii) the symplectic action of G on (X, 2) admits a suitably normalized
equivariant moment map p: X — G*.
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Then we have the following two general principles.

General Principle I. The complex and symplectic quotients of X by G
are naturally identified. More precisely,

pH0)/G = X°/G°

where X* C X is an open, G%-invariant, subset of “stable points”. We
will not define here this notion of stability, the important point being that
it should only depend on the holomorphic geometry of the situation. The
content of this principle is that on each stable GC-orbit there is a point
p € 1~ 1(0), unique up to the action of G.

General Principle II. The map [|u||> = (u, ) : X — R behaves like
a G-invariant Morse-Bott function, whose critical manifolds compute the
equivariant cohomology H{(X) = H*(X xg EG) (over Q and, in good
special cases, also over Z).

Combining these two general principles, one gets the following geometric
picture for the action of G on X:

- The gradient flow of —||u||?> induces an invariant stratification

where each V} is the stable manifold of some critical set Cy of ||u/|?.
- Let O denote the coadjoint orbit G - &, C G*, where & = u(py) for
some pj € C).. Then

Vi/GE = = (O)/G.

If Cy = p=1(0) then Oy = {0} and V, = X,

(1) -The equivariant cohomology H (X)) can be computed from
H{E(VE), k=0,1,2,... (over Q and, in good special cases, also over
7).

Symplectomorphism Groups and Compatible Complex
Structures. Consider a compact symplectic manifold (M,w), of dimen-
sion 2n, and assume that H'(M,R) = 0. Let G = Symp(M,w) be the
symplectomorphism group of (M,w). This is an infinite dimensional Lie
group whose Lie algebra G can be identified with the space of functions on
M with integral zero:

QZCSO(M)E{f:M—JR: /Mf%?zo}.
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G has a natural invariant inner product (-,-), given by

(f.9) = /fg

which will be used to identify G* with G.

Consider now the space J(M,w) of almost complex structures J on M
which are compatible with w, i.e. for which the bilinear form

gJ(', ) — w(.7 J)
is a Riemannian metric on M. This is the space of sections of a bundle over
M with fiber the contractible symmetric Kahler manifold Sp(2n,R)/U(n) =
Siegel upper half space [32]. This fiberwise symmetric Kéhler structure, to-
gether with the volume form induced by w on M, turns J(M,w) into an
infinite dimensional (contractible) Kéhler manifold.

The symplectomorphism group G acts naturally on J(M,w) by Kéhler
isometries:

¢-J=¢u(J)=dpoJodp ", Vpe G, Je T(Mw).
To fit the previous general framework, this action should satisfy conditions
(i) and (ii).
The first (holomorphic) condition poses an immediate problem since

there is no complexification GT of the symplectomorphism group G. How-
ever, we can certainly complexify the Lie algebra G to

Fefpac fr% -

and the infinitesimal action of G on J(M,w) extends to an action of QC,
since the complex structure on J(M,w) is integrable. This gives rise to an
integrable complex distribution on J(M,w) whose leaves play the role of
“connected components of orbits of the group G©”.

In the holomorphic side of General Principles I and II that we want
to apply, GC is not that important when compared with the role played
by its orbits. The geometric meaning of these “GC-orbits” becomes quite
clear if one restricts the actions under consideration to the invariant Kahler
submanifold X of compatible integrable complex structures

X =J"(M,w) C J(M,w),
determined by the vanishing of the Nijenhuis tensor. Here, it follows from
Donaldon’s analysis in [17] that

J,J' € X belong to the same “G®-orbit” iff there exists ¢ € Diff (M)
such that
[p*(w)] = [w] € H*(M,R) and @.(J)=J".

Sao Paulo J.Math.Sci. 2, 1 (2008), 175-202



Personal tour through symplectic topology and geometry 195

This explicit description of a “GC-orbit” is good enough to consider that
the holomorphic action of G = Symp(M,w) on X = J"™(M,w) satisfies
condition (i).

Regarding condition (ii), Donaldson [17] shows that there always exists
an equivariant and suitably normalized moment map

s T(Mw) — G = G (M)
for the symplectic action of G on J(M,w), given by

wu(J) = (Hermitian scalar curvature S(J) of the metric g5) — d,
where d is the constant defined by

d- [ S=oma@nnapron = [ so) %

Note that on X C J(M,w), i.e. for integrable .J, the Hermitian scalar
curvature S(.J) coincides with the usual scalar curvature of the Riemannian
metric g;.

Remark 6.1. The symplectic approach to Kdihler geometry of toric mani-
folds presented in section § fits very well with this framework. For example,
Donaldson shows in [20] that, viewed as the moment map for the action de-
scribed above, the natural expression for the scalar curvature is given by (8).

We have concluded that the Kéhler action of G on X satisfies conditions
(i) and (ii) of the general framework, and so General Principles I and II
should apply. What do they say in this context?

General Principle I says that each stable compatible complex structure
is diffeomorphic to one in x~1(0), unique up to the action of G. Since

Jepu0) e uJ)=0< S(J) =d= constant,

this says that on each diffeomorphism class of stable compatible complex
structures there should exist a unique Symp(M, w)-orbit whose correspond-
ing Kéhler metric has constant scalar curvature. (See the work of Donald-
son [18], [19] and [20], exploring this consequence of General Principle I.)

General Principle IT says that the critical points of

pl? : X = T™(M,w) = R, ||ul?(J 52 — + constant,
n!

determine the equivariant cohomology H (X )

These critical points are, in particular, extremal Kéahler metrics in the
sense of Calabi ([12] and [13]). When extremal K&hler metrics exist, they
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minimize ||x||? on the corresponding ” GC-orbit” (see [26]) and are conjec-
turally unique up to the action of G (see [14]).

In the concrete examples we will discuss (rational ruled surfaces) these
general principles do hold. Whenever this is the case, one gets the following
geometric picture for the action of G = Symp(M,w) on X = J™(M,w):

- There is a stratification of X of the form
X=VouWiuWau---.

In this stratification, each V), contains the set of compatible com-
plex structures which are diffeomorphic to an extremal one with
normalized scalar curvature in

Oy = coadjoint orbit G - (S(Jx) — d) in C§°(M) = G*,

where Jj is some critical compatible complex structure in Vj.

- “V./GC= { “GC-orbits” in V3, } ~ pu~1(O)/G is some moduli space
of complex structures, that one might try to understand using meth-
ods from complex geometry (deformation theory).

- Let Oy, denote the “GC-orbit” through some extremal .J;, € Vj, and
let K, = Iso(M,w,Ji) C G. Then, if the group Hol,, (M, Jy) of
holomorphic automorphisms which preserve the cohomology class
of w is the complexification of K} (this is always the case if the
groups are connected by [13]) then the inclusion

G/K, =G - J, — Oy, = “G""/Holy, (M, Jy)

is a homotopy equivalence.

(1) -The equivariant cohomology H/(X) can be computed from
H{(Vy), k=0,1,2,.... From the previous two points, each HZ(V},)
should be determined from finite dimensional considerations involv-
ing moduli spaces of complex structures and subgroups of isometries
in G = Symp(M,w). Recall that J(M,w) is always contractible. If
X = J"(M,w) C J(M,w) is also contractible, then

HE(X) = HY(BG) .

7. Rational Ruled Surfaces

In this section we discuss the particular case of rational ruled surfaces,
formulating the precise results suggested by the framework of section 6
(see [6, 7]).
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Symplectic Structures. As smooth 4-manifolds, rational ruled surfaces
are S*-bundles over S?. Since my (BDIiff"(5?)) = m (BSO(3)) = Z/2,
there are only two diffeomorphism types classified by the second Stiefel-
Whitney class of the bundle (the mod 2 reduction of the Euler class): a

trivial S%-bundle over S? and a nontrivial S?-bundle over S2. Since the
story for each of these is analogous, we will concentrate again on the trivial
bundle, i.e.

M =5%x52.
Symplectic structures on S? x S? are classified by the following theorem.
Theorem 7.1. (Lalonde-McDuff) If w is a symplectic form on S* x S?,
then it is diffeomorphic to Ao @ po for some real X\, > 0, where o denotes
the standard area form on S? with f52 o=1.

Since the symplectomorphism group and the space of compatible almost
complex structures is not affected by positive scalings of the symplectic form
and we can switch the two S2-factors, it will suffice to consider symplectic
structures of the form

wy=Aoc@®o with 1<)ANeR.
From now on we will use the following notation:
My = (S* x S*,wy), 1 <A ER;
G = Symp(M,) = symplectomorphisms of My;
Jr = J(M)) = compatible almost complex structures;
X = J™(M,) = compatible integrable complex structures.

We will also use the following obvious isomorphism:
Hy(S? x S2,7) =7 &7
m [S? x pt] +n [pt x §?] — (m,n) .

Compatible Integrable Complex Structures. As a complex manifold,
a rational ruled surface is a holomorphic CP'-bundle over CP'. These are
the well known Hirzebruch surfaces

Hy, = P(O® O(—k)) for some k € Ny,

where we write O(—1) for the tautological line bundle over CP! and P(E)
for the projectivization of a vector bundle F.

Any complex structure J on S?x S? is isomorphic to Hay, for some k € Ny,
while the “odd” Hirzebruch surfaces are diffeomorphic to the nontrivial
S2-bundle over S2 (see [31]). When (5% x S2,.J) has two embedded CP'’s

with self-intersection 0 and themselves intersecting at one point, then (52 x
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S?..J) = Hy. When (S?x52%,.J) has an embedded CP! with self-intersection
—2k < 0, then (5% x S2,.J) = Hy,.

To understand which of these complex structures J can be made compat-
ible with a symplectic form wy, for some 1 < A € R, it is important to note
that the compatibility condition implies that the symplectic form evaluates
positively on any J-holomorphic curve. Hence, for a compatible J € X,
a homology class (m,n) € H(S? x S?;7Z) can only be represented by a
J-holomorphic curve if Am + n > 0. This rules out embedded curves with
self-intersection less than —2¢, where £ € Ny is such that £ < A < ¢+ 1. In
particular, the class (1, —k) € Hy(S? x S%;7Z), with self-intersection —2k,
can only be represented by a J-holomorphic curve for some J € X, if
A—k>0.

This turns out to be the only relevant condition. In fact, we have the
following theorem.

Theorem 7.2. Given 1 < X\ € R, there is a stratification of X of the form
Xa=VWuvid---uvg,
with £ € Ny such that £ < X < {+ 1 and where:
()
Vi ={J € Xy: (5% x %) = Hy}

={JeXy): (1,—k) € Hy(M,Z) is represented
by a J-holomorphic sphere} .

(ii) Vi is open and dense in X. For k > 1, Vi has codimension 4k — 2
m X)\.

(’l"l"i) Vi=Ve UV U--- UV

(iv) For each k € Ny, there is a complex structure Jy, € Vi, unique up to
the action of Gy, for which gy = wx(-, Ji-) s an extremal Kdhler
metric.

(v) Denoting by K}, the Kdhler isometry group of (8% x S?,wy, Ji), we
have that

1o [2/2x (SO(3) x SO(3)), if k = 0;
k_{SleO(Z%), if k> 1.

(vi) Given J € Vy, there exists p € Diff(S? x S?) such that
[p*(@A)] = [wa] € H*(S* x S%R) and  ¢u(Jr) = J
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so each stratum Vj, consists of a unique “G(()\: 7-orbit, the orbit through
Ji.. Moreover, the inclusion

(Gx/Kk) — Vi, =0y,

1$ a weak homotopy equivalence.

(vii) Each Vi has a tubular neighborhood N'Vj, C Xy, with normal slice
given by

HI(H2k7 @) ~ (C2k—1 ,

where © = sheaf of holomorphic vector fields on Hoy.

(viii) For k > 1, the representation of Ky = S' x SO(3) on the normal
slice C?*=1 at J, € Vj, is the following: S acts diagonally and
SO(3) acts irreducibly with highest weight 2(k — 1).

Proof. Points (i), (ii), (iii), (v) and (vii) follow from standard complex
geometry and deformation theory applied to complex structures on S2 x S?
(see [15, 1.6]). One needs to check that standard deformation theory can in
fact be used here, in the context of compatible complex structures. This,
together with points (vi) and (viii), is proved in [7]. Point (iv) is proved
in [12]. O

This theorem shows that the geometric picture suggested by the moment
map framework of section 6 is quite accurate for rational ruled surfaces. It
implies, by standard equivariant cohomology theory (see [7]), the following
corollary.

Corollary 7.3. Given { € Ny and X € |¢,{ + 1], we have that
HE (XxZ) = H*(BSO(3) x BSO(3);Z) & ), 22
H*(BS' x BSO(3);Z),
where = indicates a group isomorphism.
Contractibility of X,. Given ¢ € Ny and 1 < X\ € ¢,/ + 1], we can
combine the stratification of X described in Theorem 7.2 with the strati-

fication of 7 described in section 2 to obtain a finite family of diagrams,
one for each 0 < k </, of the form

F NV Vi, € X))
F}. NU; Ur C Jx

where the vertical arrows are inclusions, the one on the left representing
the identity between the fibers of the tubular neighborhoods over Vj, C Uy.
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These diagrams are G-equivariant in a suitable sense. Given that 7 is
contractible and V}, is weakly homotopy equivalent to Uy, one can use this
finite family of diagrams to prove the following theorem (see [7]).

Theorem 7.4. Given 1 < \ € R, the space X, of compatible integrable
complex structures on (S% x S%,wy) is weakly contractible.

As far as we know, these are the first known examples of dimension
greater than two where the topology of the space of compatible integrable
complex structures is understood.

Cohomology of BG). Theorem 7.4 implies that
Hg, (X)Z) = H(BG\; Z) .

Combining this isomorphism with Corollary 7.3, we get the following the-
orem.

Theorem 7.5. Given { € Ny and X € |¢, £ + 1], we have that
H*(BGy;Z) = H*(BSO(3) x BSO(3); Z) & @} _, 242
H*(BS' x BSO(3);7),
where = indicates a group isomorphism.
Remark 7.6.

(i) When 1 < XA < 2, this generalization of Theorem 3.3 is a simple
corollary of the work of Anjos and Granja in [8].

(ii) Away from the prime 2, the ring structure of H*(BG)) is also de-
termined in [7], correcting in particular an incomplete formula for
its rational ring structure determined in [2]
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