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Abstract. In this work, we consider the invariant manifolds for the
family of equations
= Az + f(e, z),

where A the is generator of a strongly continuous semigroup of linear
operators in a Banach space X and f(g,-) : X — X is continuous. The
existence of stable (unstable) and center-stable (center-unstable) man-
ifolds for a large class of these equations has been proved in [2]. We
prove here that, if A admits a exponential trichotomy and f satisfies
some suitable regularity hypotheses, then those manifolds are continu-
ous with respect to the parameter €.

1. Introduction

There exists a large literature on the existence and properties of stable
(unstable) and center-stable (center-unstable) invariant manifolds for the
problem

&= Ax + f(z), (1.1)
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under various assumptions.

We may cite for example, (1], [2], 5], (6], [7], 8], (10], [11], [13], [14], [15],
[16] and [17]. The continuity of these sets with respect to parameters has
also been investigated, assuming (uniform) exponential dicothomy for the
operator A in [1], [10], [8] and [16], for instance. Existence and continuity,
assuming nonuniform exponential dichotomy has been proved in [3] and
[4]. For the case of exponential trichotomy, the continuity of these sets was
proved in [5] and [14]. However, [14] treats only discrete systems and [5],
as well as [14], use normal hyperbolicity.

As far as we know, the continuous case, without assuming normal hyper-
bolicity, has been considered for the first time in the first author’s PhD’s
thesis (in Portuguese, see [18]). It is our aim here to present, among others,
the result obtained there for this problem.

To be precise, we state below the hypotheses used throughout, and fix
some notation, which are basically the same of [2].

Let X be a Banach space with norm |- |, A : D(A) C X — X the
generator of a strongly continuous semigroup of linear operators {7'(¢) }+>0
on X and suppose f: X — X is a continuous function satisfying

(H1) f(0) =0,
(H2) [If(¢) = f)I < n(r)lle = I, llell, ¥l <,
where 7 is non decreasing continuous function to real values on [0, co0) with
n(0) = 0.

We also assume the following hypotheses for the semigroup.
(H3) (BU - Backwards Uniqueness). For each t > 0, T'(t) is injective;
(H4) X admits the following decomposition:

(H4a) X = 7_X & moX @ m4+ X, where 7_, mp, m4 are continuous linear
projections on X.

The condition (H4a) implies
M_To = MoT— = M_T4 = T4T_ = T4 Ty = ToT4 = 0,
and
T_T_ = T_, MgTg = Tg, T4T+, T— +mg + 7y = 1.

If p € X, we write p_ = m_¢, g = Tow, P+ = T1P.
Throughout we shall use the equivalent norm || - || on X, where, for each
pelX

llell = lo—| + leol + o+
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(H4b) For each ¢t > 0, T(t) commutes with the operators 7_, mg, 7+ so
that each of the subspaces m_X, mpX, 74X is invariant under 7'(t). Fur-
thermore, T'(t) may be extended to a continuous group of linear operators
on mpX @ T X;

(H4c) There exist constants

a_, ag, ay, min{a_,ay} >ag>0and K > 1;
(without loss of generality we assume ag > 0), such that
(Hdc.d) [[T@)e-|| < Ke " llo-|, Ve X, t=0;
(Hdc.ii) [ T(t)poll < Kell o],V o € X, t € R;
(Hde.iii) [|T(0)p || < Ke™ g ], ¥ o € X, £ <0.

It is well known (see for example [9] and [13]) that, if f satisfies (H1)
and (H2), then the Cauchy problem

&t = Az + f(x)
z(0) = . (1.2)

has a unique local ‘mild solution’, that is, a solution of the integral equation

w(t) = T(1)w(0) + /0 T(t — 5)f(w(s))ds. (1.3)

defined for small positive 0 < ¢ < t;, with z(t) — x9 as t — 0+. If
xo € D(A) and f is continuously differentiable, then the solution is also a
strict solution (i.e @ : (0,t1) — X is C', x(t) € D(A), for 0 < t < t; and
the differential equation (1.2) is satisfied). If A is bounded, the solution is
defined in a open interval around 0 (see [9]).

Define, for A > 0,

)it llell = A
RNA= 1 (35) i el > x

The properties on f and 7 ensure the existence of a non decreasing contin-
uous function v(A), A > 0, v(0) = 0 such that, for every ¢, ¥ € X

1A2(@)]| < v(A)A,
[£2(0) = @) < v(M) e = 2]l

Thus, to study (1.3) locally it is enough to investigate the global behavior
of the equation

w(t) = T(1)w(0) + /0 T(t — 5) fr(w(s))ds. (1.4)
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This paper is organized as follows. In Section 2, we recall some results
from [2]. In Section 3, we to prove the continuity of the invariant manifolds,
with respect to a parameter.

2. Existence of invariant manifolds

We state below some results proved in [2], for completeness. We give
below a slightly modified proof of the first result, just to introduce the
ideas that will be used in the sequel.

Lemma 2.1. Let 7 > 0 and w : [0,7] — X be continuous solutions of
(1.3). Then

y(t) =wt+7), Vte[-10] (2.5)
satisfies

T(=t)y(t) = y(0) +/0 T(—=s)f(y(s))ds, ¥Vt € [-7,0]. (2.6)

Conversely, if (BU) holds and y satisfies (2.6), then w satisfies (1.3) in
[0, 7].

Proof  Suppose that w satisfies (1.3) and let y be given by (2.5). Then,
if t € [—7,0], it follows that

T(—t)y(t) = T(—t)w(t+T1)

t+7
= T(-t) {T(t—i-T)w(O) —i—/o T(t+71—s)f(w(s))ds

t+7
= T(r)w(0) + /0 T(1 — s)f(w(s))ds.

But, from (1.3) we have

Therefore
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0
that is, y satisfies (2.6). Conversely, suppose that y satisfies (2.6). Then

0) = T(=)y(1) = [ T(=9)f(w(s)ds. € [0

which, with ¢ = —7, becomes
y0) =T(y(=)~ [ T (s)ds.
Since y(0) = w(7) and y(—7) = w(0), it follows that
w(r) = T(r)w(0) — /0 P8 flw(s + 7))ds. 2.7)

On the other hand, from (2.6), we have

T(—tw(t+71) =w(r) + /0 T(—s)f(w(s +7))ds.
Letting —t = 7 — 6, we obtain

0—r1

T(T —0)w(f) = w(r) + /0 T(—s)f(w(s+ 7))ds.

Using (2.7), we obtain

—T

T(r—0w(®) = T(r)w(0)— /0 T(=s) f(w(s + 7))ds

0—1
+ /0 T(—s)f(w(s+1))ds

— T(r)w(0) - /GTT(—S)f(w(S +7))ds.
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Thus
-7

T(1t —6)[w(0) —T(0)w(0) + /9_ TO—71—s)f(w(s+7))ds] =0.

Changing variables to r = s 4+ 7, we have

6
T(r — 0)[w(6) — T(0)w(0) — /0 7O — ) f(w(r))dr] = 0.
Thus, by (BU), it follows that

0
w(®) — T(0)w(0) — /0 7O — ) f(w(r))dr =0,
Therefore, w satisfies (1.3). O

Definition 2.2. A solution of (1.3) in an interval [—7,0], 7 > 0 is a
function y : [—-7,0] — X such that w, given by (2.5), is a solution of (1.3)
in [0, 7].

In the definition below, B(p, <) denotes the ball of radius € and center
at .

Definition 2.3. A subset K C X is said to be locally positively invariant
under the flow of (1.3) if there exists € > 0 such that, for any ¢ € KN
B(p,e):

(2) for sufficiently smallt > 0 a solution w(t), of (1.3), exists with w(0) =
12

(i) if for 7 > 0, w(t) exists and belongs to B(p,e) for all t € [0,7] then
w(t) € K, for allt € [0,7].

Negatively invariant subsets are defined by substituting < for > and
t € [0,7] for t € [1,0] in (i) and (ii).

Definition 2.4. Suppose that a Banach space Y is decomposed as Y =
mY @ mY for continuous linear projection operators w and ma. Then, a
subset S CY of Y containing yg is said to be tangent to maY at ygo if

|71 (y — yo)|

— 0, asy — yo in S.
12 (y = o)l

The following results has been proved in [2].

Theorem 2.5. Assume the hypotheses (H1) , (H2), (H3) and (H4) hold.
Let € > 0 be such that min(a_,ay) > e. Then, for § > 0 sufficiently small,
there exist locally invariant sets

o
S={p € B0,5) : oIl < 51 90 +0s = mrle),
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and

1)
U={pecB(0,9) : |loi| < o P-two= n(e+)},

termed the stable and unstable manifold respectively, where py, q\ are
Lipschitz function defined for |lo_|| < 5%, |p+] < b .respectively. If
© € S then a unique solution w(t) of (1.3) with w(0) = ¢ exists for t > 0
and

lw(®)]| < 2Ke™ = Jw_(0)], t > 0.
If the hypothesis (BU) holds and ¢ € U then an unique solution w(t) of
(1.3) with w(0) = ¢ exists for t <0 and

lw(@)|| < 2K [lwy(0)], ¢ <O.
Furthermore, S is tangent at zero to w_X, U is tangent at zero to my X

and (px,wh) is the unique solution of the system

w_(t) = T()p— + [y T(t = s)m—fy(w—(s) + pa(w—(s)))ds,

pA(p-) = [ T(=s)(mo + m4) fy (- () + pr(w_(s)))ds, £20 )

and (gx, w?) is the unique solution of the system

ax(p+) = [0 T(=5)(m— + 70) fy(w(s) + ax(w (s)))ds,
w(t) = T(t)ps + fy T(t = ) f(w(s) + an(w ()))ds, ¢ <0,

The functions py, g\ have Lipschitz constants smaller or equal to 1, px(0) =
0, ¢x(0) = 0 and K is the constant given in the hypothesis (2.c).

In what follows, we denote by B(0,0), B(x_ar,)(0,6), B(xygr,)(0,9), the
ball of radius § and center in the origin of X, 7_X @ mpX, moX & m1 X,
respectively.

Theorem 2.6. Assume the hypotheses (H1) , (H2), (H3) and (H4) hold.
Then, there exists § > 0 and sets

W ={peX : |lp-+eol <6, o+ =0"(p- +¢0)},

W ={peX : llpo+ el <4, o =q" (o + ¥4},
termed the center-stable and center-unstable manifolds of (1.1), re-
spectively, where p* and q* are Lipschitz functions defined on
Br_am)(0,0) € 71X @ 10X, Biryar,)(0,0) C moX @ m X, respectively;
The set W*¢ is locally positively invariant under the flow (1.3), while if
(BU) holds W** is locally negatively invariant. Any solution of (1.3) which
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exists and remains in B(0,0) fort > 0 lies on W*, and any solution of
(1.8) which ezists and remains in B(0,0) fort <0 lies on W**. Further-
more, the tangent space to W*® at zero is m_ X @ mgX and the tangent space
to W** at zero is moX @ m4 X .

Proof  This theorem has also been proved in [2], where W*S for (1.4) is
shown to exist, for A small enough to imply

max{ 2K2u()\) 2(Kv(\))? KV()\)} 1
ay —ag—4Kv(\) ag(ay —ag — 4Kv(N)) a; ’

and p3, for ¢ > 0, is the unique solution of the system below

w_(t) =T(t)p- + [y T(t — s)m_ fr(w_(s) + wo(s) + pi(w_(s) + wo(s)))ds,
wo(t) = T(t)po + [ T(t — s)mofr(w—(s) + wo(s) + p§(w—(s) +wo(s)))ds,

Pi(p— + @0) = [ T(=s)my fr(w—(s) +wo(s) + pj (w—(s) + wo(s)))ds,

where w_(t) = m_w(t), wo(t) = mow(t) e w(t) satisfies (1.4). Furthermore,
p3 has Lipschitz constant smaller or equal to 1 and p}(0) = 0.

Similarly, W** can be shown to exist as a graph of ¢}, the unique solution
of the system

a5 (00 + o1) =[O T(=s)m— Fr(ax(wo(s) +wi(s)) + wo(s) + wy (s))ds,
wo(t) = T(t)po + fot T(t — s)mofr(qy(wo(s) + wi(s)) + wo(s) + wi(s))ds,
wi(t) = T(t)pys + 5 T(t = s)mi fr(gy (wols) + wi(s)) + wo(s) + wy(s))ds,
for t < 0, where wq(t) = mow(t), w4 (t) = mrw(t) and w(t) satisfies (1.4).

3. Continuity of the invariant manifolds

We prove in this section that the manifolds of the previous section are
continuous with respect to the parameter €.

3.1. Continuity of the stable (unstable) manifolds. We now state
one of the main results of this section.
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Theorem 3.1. (Continuity of the stable (unstable) manifolds). Suppose
that the functions fx, in (1.4), also depend on a parameter € € A, where A
is an open set in a Banach space, and fy = f5 satisfies the estimates

175 (w) = £ ()| < Cr@)[ull, Cr(e) =0, & — eo; (3.9)

15 (w) = SR < vN)u = wvll, for each e € A, (3.10)

where v(-) is a non decreasing continuous function with v(0) = 0. Then
the stable (unstable) manifold S¢, (U¢), is continuous with respect to the
parameter € at €q.

Proof  We prove the continuity of S¢; the proof for U® is analogous.

By Theorem 2.5, S¢ is the graph of a Lipschitz function p) = p§, where

(pa, w?*) is the unique solution of (2.8). From (2.8) and (3.10), we have
o (t,2)]

< Ke " lo-|| + /Ot Ke™*u(X) |w_(s,€) + pi(w-(s,)) | ds
< Ke "l || + /Ot Kem U\ [[lw-(s,e)l| + [p5(w-(s, €)1 ds
< e ool + [ 20O (s, s
By Gronwall’s Lemma, we obtain
lw—(t, )| < Kjp|le~(*= 72K ¢ > 0. (3.11)
We will use the metric p given by

p(h1,ha) = sup 11 (o) = ha(p-)|

peX ||90—”
©-F#0

)

equipped with which, the set
G=A{h:m X > mX&mX, |h(p-) = h(¥)] < llo- — ¥4,

Vo, € X, h(0) = 0} becomes a complete metric space.
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Let 0(t) = ||lw_(t,e) —w_(t,€0)]||, t > 0. Then

0(t) < /0 1T (t = s)m{ fXlw—(s,€) + pA(w-(s,€))]
— [3'[w-(s,0) + P}’ (w-(s,0))]} || ds

< / K | £l (s,€) + P (s,))]
Dl (s,e0) + P (w5, 0))]lds

< /0 Ke 0| f{Tw_(s,2) + p(w_(s,2))]
— S5 (s0) + P50 (w0 (s, €0))] s

[ K s 20) + 95 - )

= 1Pl 5,0) + P (- (s, 20))lds.
From (3.9) and (3.10), it follows that
< [ oe [ (s.0) - u (s, call+
I (520 = 550 - s co) s
/ Ke™ (=99 Cy (e) |w- (s, 20) + P (w- (s, 20)) |ds
= [ Ko o)+ I s129) — 5 s o) s

4 / Ke 990y (&) Jw_(s, £0) + P2 (w-(s, 20)) | ds.
0

Using that p3 is Lipschitz with Lipschitz constant < 1 and p$°(0) = 0, we
obtain

| mvye o [e<s> 15 (w0 (5, €)) — 50 (w0 (s, 20)) | s

t
n / 2K e~ =90 0y (&) |[w_(s, £0) | ds.
0
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Now, using the same argument for p§, we have

Ip5(w—(s,€))= Py (w-(s,20))]
< lpi(w-(s,€)) — pi(w—(s, 20))
+ [IpA(w-(s,€0)) — X’ (w—(s,€0))
< lw-(s,6) —w-(s,20)|
+  [IPx(w—(s,20)) — P’ (w—(s,20))l
= 0(s) + [Ipx(w-(s, 20)) — 3’ (w—(s,20)) |

= 0(s) + (s, 20)] Hpi(w_(s’fl))@iifﬁ”‘(s’g“))”

< 0(s) + lw—(s,20)llp (p5,05°) -

Therefore

t
o(t) < / Kv(\)e™ =9 18(s) + 0(s) + [lw—(s, €0)lp (p5,5") 1ds
0
t
+ /2K01(6)e_(t_s)a’w(SﬁO)HdS
0
t
— / 2Kv(\)e (2099 (s)ds
0
t
v / Kv(Ne == |lw_(s, 20)||p (95, p5°) ds
0
t

+ / 2KCq (6)6_“_5)'1’ |w-—(s,€0)l|ds.
0
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Using (3.11), we obtain

t
o(t) < / KN e= =)= (5)ds
/ KAt p(ps p£0) K o [le(0==2K s g
/ 2K01( ) —(t— 5“‘KHgo_He_(a‘_zK”(’\))sds
0

t
= / 2Kv(\)e =99-0(s)ds
0

t
Ko [N p(55 550 e /0 2KV N)s

t
+2K2H<P HC —a— t/ 62KV Sds
0

Thus

t t
e=tot) < / 2KV()\)6‘L39(S)ds+K2||<p||V()\)p(pi,p§°)/ KN g
0 0

t
+ U p-Crle) [ s
0

t
K||lp—
< /2KV()\)ea59(s)ds+H(p“y(/\)p(pi,pio)eQK”(’\)t
0 2v()\)

K|l

2Kv (M)t
I/(>\) Cl (8)6 .

+

From the generalized Gronwall’s Lemma, (see [12]), it follows that

Kllp-|IC1(e)
a_t < 2Kv(A || 2Kv(A)t 2Kv(\)t
€ 9( ) |: 2 (p)\vp)\ )6 + V(A) €

Hence
- —(a_— K”SO 1C1(e) —(a_—
< c (a——4Kv(\))t (a— 4Ku(>\))t.
e(t) = 9 p(p)\vp)\ ) V()\) €
(3.12)
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Now

I7.0) — (e < /0 IT(=s)mol 5 (w_(5,2) + p5 (0 (5,)))
(w0 (5,20) + PP (w (5, 20)))]lds
¥ /0 IT(=s)m (5 (w0 (5,2) + P (0 (5,2))
R (s, 20) + B w(s,20))]lds
< [R50 + - (s.0)
(5, 20) + B (w(s,20)]ds
+ / " Ke | flu(5,9) + B w-(5,9))

— [w—(s,€0) + P (w—(s,e0))]||ds.

Using that, for s > 0, —a4+s < ags, it follows that

IP3 (=) =P ()l < /Ooo 2K e™* | f[w_(s,e) + p3(w_(s,e))]
— f{[w(s,20) + P (w(s,20))]|lds.

Subtracting and summing the term

filw—(s,20) + Py (w—(s,20))),

we obtain

I3~ el < [ 2K AL (5,0) 4 p30- (s.0)
- (s,20) + 0 (w_(s,20))llds
[ AR s20) + (w0 s,50)
Pl (5, 20) + 0 (w5, 20l ds.
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Using (3.9) and (3.10), it follows that
195(0-) — 5o
§/0 2K1/()\)ea°5{||w(s,s)—w(s,eg)H
155 (- (s,)) —p§0<w_<s,ao>>u}ds
+ /Oo 2Ke™*Cy(e)||w—(s,e0) + p(w—(s,20))||ds
0
= [T 2mvone {00 + 130 6,60 - 500, o)
0
+ / 2K ™5 C) () |lw_(s, £0) + P (w—(s, €0)) 1 ds
0
< | 2Ku<x>e“08{e<s> I (0 (s5.2)) — 5 <w_<s,50>>||}ds
+/0 4K e Cy(e)||lw—(s,e0)|ds.

Using once again that

1P (w—(s,€)) = i (w—(s,€0)) | < O(s) + [[w—(s,20) lp(P}, PX)

we obtain
P53 (p-) =P ()|l < / 2KV(/\)6“°S[29(8)+Hw—(&&o)\lp(ﬁimi“) ds
0

+ / 4K Cy(e)e?®||lw_(s, o)l ds.
0

Now, using (3.11), it follows that
(o) — (o) < /0 4K p(A)e %6 (s)ds
o0
4 / I (N |5, p0 e (@ 02K Vs g
0

+ / 4K |p_||Cy (e)e(a-—00=2KVO)s g,
0

Thus,
Ip5(p-) =P ()l < i+ Iz + I,
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where

]1:/ 4Kv(N\)ed(s)ds,
0

R
0
and

Iy = / AR | ||Cy(e)e (o ma0m2KvN)s g,
0

Using the estimate obtained for #(¢) in (3.12), we obtain

b K —(a—-— 12 S
T e U
0

Klle-|
v(A)

= / 2K o— [ (N)p(pR, p)e (@m0 RV g
0

+ Cy(e)e(a-—4Kv(N)s | g

+ / 4K2||807||Cl(5)6_(617_&0_4[(”()\))5(15
0

2K (M)l AR |||

— £ £0
= o = AKe (NN T e oy )

Furthermore,

o= [ 2o s e 002
0

2P (M-Il o <
- (If—ao—QKV()\)p(pA’p)‘)

and

o= [T alp o,
0

AR |||
 a_—apg— 2K1/()\)Cl(6)'
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Therefore
P53 (-) — P (@)
2K (M-l o AR |||
T a- —ap— 4K1/()\)p(p)"p>‘ )+ a_ —ag —4Kv(\) i)
2K2v(\) |- . 4K3?||p-
e P Y T P I

a_ —ag —2Kv(\) a_ —ag —2Kv(\)
_ [ 2Kl 2KVl
a_ —ag—4Kv(\)  a- —ap—2Kv(A)

]p(pi,pio)

AR | AR ||
+ |:a_—a0—4KV()\) a__aﬂ_QKV(A)]Cl((S)
Hence
195 () — p3 (-)|
-l
2K%v()\) 2K2(\)
< (=1 £0
- [a—-ao——4}(u(A) a—-ao—-21(y(A)}prA7pA>
4K2 4K2
+ [a_ —ag —4Kv(\) + a_ —ap — 2Ky(/\)] Ci(e),

which implies

P53 (o) — PR’ ()l

sup
peX o
©-#0
2K2u(\) 2K2u(\)
< € €0
S [a_ —ag—4Kv(\)  a— —ag—2Kv()) p<p)\7p)\ )
4K2 4K2
* L_ —ag —4Kv(\) + a_ —ap — QKV(/\)] Ci(e).
Therefore

2K2u()\) 2K%v()\)
£ £0 < £ £0
p(5.PY) < L_ a0 — AKU(N) L 2KV<A)]p(pA,pA )
4K? 4K?
* [a_ —ag —4Kv(\) + a_ —ag — 2KV()\)]CI(€)'
Choosing A sufficiently small, we have
2K2u()\) N 2K2u(N) - 1
a_ —ap—4Kv(\)  a— —ag —2Kv(N) 2
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Thus

1
P05, PY) < 5p05,PY) + Ca(e),

where Cy(e) = a_—agli(:Ku()\) + a_—a;li(;Ku(/\) Ci(e).
Therefore
p(P3, 1Y) < 2C5(e),
where Cy(g) — 0, as € — €¢, concluding the proof. O

3.2. Continuity of the center-stable (center-unstable) manifolds.
In this section we prove the continuity of the center-stable and center-
unstable manifolds.

Theorem 3.2. Assume the same hypotheses of Theorem 8.1. Then the
center stable, center unstable manifolds, Wr*, WX" are continuous at €.

Proof  We prove the continuity of W**. The continuity of W} follows
in a similar way. By Theorem 2.6, W}? is the graph of a Lipschitz function
Py, where p)® satisfies

w_(t,e) =T(t)p- + /0 T(t— s)m_ f5(w_(s,e) + wo(s,¢)

+px (w-(s,) +wo(s, €)))ds,

wo(t,e) =T (t)po + /0 T(t — s)mof5(w_(s,&) +wp(s,e)

+px (w-(s,) +wo(s, €)))ds,

0
P¥ (o + o) = / T(—s)my [ (w_(s,€) + wo(s, )

o0

+ Py (w—(s,€) +wo(s,€)))ds.

Furthermore, py has Lipschitz constant equal or smaller than 1 and
p3(0) = 0.
To facilitate the notation, from now on, in this subsection, we write p§
in the place of p3°.
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Using (3.10), we have

- (5,6) + (s, ) < K=+ [ KrN)e = o (5,)
+ wo(s,e) + pf\(w_(os, ) + wp(s,e))llds
+ Kol + [ BN (5,6) + (s,
§ PR (w_(s.€) + wo(s.))lds
< Ko+ [ 2KvNe I ()
+ wo(s, e)||ds ’
Kol + [ 2N (s,

+ wo(s,€)||ds.
Since —a_ < ag, it follows that
l[w—(s,€) + wo(s,ée)]l
¢
gkk%W¢My+/ﬁ4KwAk“ﬂmWw_@¢)+wdaamd&
0
By Gronwall’s Lemma, we obtain

lw—(s,€) +wo(s, )| < Kllp— + pof| 4KV VFa0k, (3.13)

Let p* be the metric given by

)

hi (o — ha(p—
*(ha, ha) = sup [h1(p— + o) — ha(o— + o)l
S le— + ol

equipped with which, the set

G*={h:m_X ®mX — 11 X ®mX, [|[h(¢- + o) — (Y4 + o)
< lo— + 9o — ¥ + o, Vo, ¥ € X, h(0) =0}
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becomes a complete metric space. Let 6*(t) = [Jw_(t,e) + wo(t,e) —
w,(t,Eo) — U]o(t,60)| s t> 0. Then

0" (1)

IN

/0 Ke 99| ££[w_(s, ) + wo(s, &) + p(w_(s, ) + wo(s, )]

— X [w-(s,20) +wo(s, €0) + P}’ (w-(s, 0) + wo(s, €0))][|ds
’ /0 Kel=9%]| flw-(s,¢) +wo(s, &) + pi(w-(s,) + wo(s,))]

—  f30w=(s,€0) +wo(s,e0) + P2 (w-(s,20) + wo(s,€0))]||ds.
Using that —(t — s)a— < (t — s)ag, we obtain

07 (1) < /0 2K (=990 fSlw_ (s, €) + wo(s, ) + pi (w-(s,€) + wo(s, €))]

— [ w=(s,e0) + wo(s,e0) + p3° (w—(s,e0) + wo(s,€0))]||ds.
Summing and subtracting the term
filw—(s,€0) + wo(s, £0) + Py’ (w—(s,€0) + wo(s, €0))],
and using (3.9), (3.10), we have
t
00) < [ 2RI () + [ w-(5,0) +un(s,2)
0
— P0(w-(s,e0) + wo(s,ao))H]ds

t
4 / 2K % Cy (&) lw_ (s, £0) + wo (s, £0) | ds.
0

Now, using that pf is Lipschitzian with Lipschitz constant smaller than
1 and p5°(0) = 0, it follows that
[PA(w-(s,€) +wo(s, ) — Py’ (w-(s,0) +wo(s, o))
< lw—(s,€) + wo(s,e) —w—(s,€0) — wo(s, o)l + [lw-(s, o)
[1p5(w= (s, €0) + wo(s,€0)) — PY’(w—(s,20) + wo(s;€0))|
lw-(s,€0) — wo(s, o)l
< 0%(s) + p" (3, PY)lw—(s,€0) + wo(s, o).
Then

- w0(8760)”

t
0°(t) < /QKe(tS)“OV(A)[QH*(S)+Hw—(8,€o)+wo(sa€o)Hp*(pi,p§°)]dS
0

t
+ / 2[(01(5)@@—5)“0wa(S,é‘o) —|—w0(3760)”d8.
0
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Using (3.13), we obtain

t
0*(t) < / AKv(N)elt=9)%0* (5)ds
0

t
i /0 2K el 900 (V) Klp- + o[t F TN dsp* (pF, p)ds

t
b [ KO o 4 ol s,
0

Thus
t
e 0l (t) < / 4Kv(N)e 1°0%(s)ds
0
t
T 2K le- + ol W5 5) / HKVs
t
+ 2R+ gl [ s
0
Since
. o AKv(M\)t
1% Sd <
/0 ¢ "= UK\
we obtain

t
e_aotﬁ*(t) < /0 AKv(N\)e “0%0* (s)ds + 7”80 + ol (p)\’ 0)e AKv(M\)t

K 4Kv (A
+ T()\) C1(e)|lo— + wolle

From Gronwall’s Lemma, it follows that
* K * K a v
(0 < |50 R + 505 10| R ot gl (310
Now

1650 + o) — 2o + wo)l| < / Koo+ £ (w_(s,€) + wo(s, )

+ (w_(s,e) +wp(s,¢)))

- 5 (w_(s,so) + wo(s,eo)

+ PV (w-(s,€0) + wo(s, €0))) | ds.
Using (3.9) and (3.10), after adding and subtracting the term

fx(w=(s,e0) + wo(s,e0) + P (w—(s,€0) + wo(s,€0))),
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we have

P53~ + wo) = P’ (- + wo)ll < /0 Kv(A)e™ 0% (s)ds

/ Kv(N)e *3||pS(w-(s,e) + wo(s,€))
— P\ (w—(s,€0) + wo(s,€0))llds
+/ Ke °Cy () ||lw—-(s,€0) + wo(s, o)
0

+ P32 (w-(s,€0) + wo(s,€0))l|ds.
Using that

P53 (w—(s,€) +wo(s, €)) — Py’ (w-(s,€0) + wo(s, o))l
< 07(s) + p* (P, PY) lw- (s, €0) + wo (s o),

we obtain

1P5(¢— + 90) — P (- + o)l
< [Ty (s + [ KV 5w (s,20)
0 0

—i—wo(s,ao)Hds—i—/ 2KC1(g)e” “*|lw=(s,e0) + wo(s,eo0)|lds.
0
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Using (3.13) and (3.14), it follows that
1P (- + 90) — 3 (- + o)l

00
KQV()\)HQD, + ‘POH / e—(a+—a0—8Ku(>\))sd8> P*(pi,pio)
0

—~

<

7N\

(Rl ol [ o s g
0
+ <K2H<P— + SOOH/ €(a+a°8K”(A))Sd8) Ci(e)
0
+ <2K lo— + ol / 6_(“*_“0_41(”“))5(18) Ci(e)
0
[y
N a4 —ag — 8Kl/()\) v ©o
Kzl/()\) e e
ay —ag —4Kv(\) lo—+ (PO‘] p* (0% PY)
K? 2K
- - C .
" [a+ —ap — 8Kv(\) l— + oll + ay —ag — AKv(\) lo— + 900”} 1(e)
Hence
P50~ + o) — P (- + o)l
lo— + ol
KQV(A) sz()\)
< * £ £0
> |:a+ —ag — SKV()\) + ay —ag — 4Kl/()\):|p (p)\ap)\ )

[ K2 2K
+

ay —ag—8Kv(\) " ay —ag - 4KV(A)] Crle).

Choosing A small enough as to have

K2u()\) K?v()\)
|:a+ —ag — 8KI/()\) + Gy — ap — 4KV(/\):| =

1
2
and letting

K*? 2K
C5(e) =
2(¢) [a+ —ap — 8Kv()\) + ay —ag —4Kv(\)

we obtain

}01(5)»

* 1 * *
p* (P p}Y) < 3P (P, P3°) + C5(e).

pr (05, P5) < 2C5(e),

Therefore
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where C5(g) — 0, as € — &9, concluding the proof. O
Remark 3.3. It follows from [15] that the center manifold, W¢ is given by
We=Wrnwr.

Therefore, the the continuity of the center manifold, W< also follows from
Theorem 3.2 .
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